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We introduce menu costs in the search-theoretic model of imperfect competition of Burdett and
Judd. When menu costs are not too large, the equilibrium is such that sellers follow a (Q,S,s) pricing
rule. According to the rule, a seller lets inflation erode the real value of its nominal price until it reaches
some point s. Then, the seller pays the menu cost and resets the real value of its nominal price to a point
randomly drawn from a distribution with support [S, Q], where s <S < Q. A (Q,S,s) equilibrium differs
with respect to a standard (S,s) equilibrium: (1) in a (Q,S,s) equilibrium, sellers sometimes keep their
nominal price constant to avoid paying the menu cost, other times because they are indifferent to changes
in the real value of their price. An exploratory calibration reveals that menu costs account less than half of
the observed duration of nominal prices. (2) in a (Q,S,s) equilibrium, higher inflation leads to higher real
prices, as sellers pass onto buyers the cost of more frequent price adjustments, and to lower welfare.
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1. INTRODUCTION

It is a well-documented fact that sellers leave the nominal price of their goods unchanged
for months in the face of a continuously increasing aggregate price level (see, e.g.,
[Klenow and Kryvtsow, 2008 or [Nakamura and Steinsson, ). The standard explanation for
nominal price stickiness is that sellers have to pay a menu cost to change their price (see, e.g.,
[Sheshinski and Weisd,[1977 orlCaplin and Leahyl,[1997). In the presence of such cost, sellers find
it optimal to follow an (S,s) pricing rule: they let inflation erode the real value of their nominal
price until it reaches some point s and, then, they pay the menu cost and reset their nominal price
so that its real value is some S, with § > s.

M) recently advanced an alternative explanation for nominal price stickiness.
In the presence of search frictions, the equilibrium distribution of real prices posted by sellers
is non-degenerate. Sellers are indifferent between posting any two real prices on the support of
the equilibrium distribution. If the seller posts a relatively high price, it enjoys a higher profit per
trade but it faces a lower probability of trade. If the seller posts a relatively low price, it enjoys
a lower profit per trade but it faces a higher probability of trade. For this reason, sellers are also
willing to keep their nominal price unchanged until inflation pushes its real value outside of the
support of the equilibrium price distribution. Only then sellers have to change their nominal price.
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The role played by nominal price stickiness in the transmission of monetary shocks to the
real side of the economy crucially depends on whether prices are sticky because of menu costs
or search frictions. Indeed, if nominal prices are sticky due to menu costs, an unexpected change
in the quantity of money will in general have an effect on the distribution of real prices—as not
every seller will find it worthwhile to pay the menu cost and adjust its nominal price—and, in
turn, it will have an effect on consumption and production. In contrast, if nominal prices are
sticky due to search frictions, an unexpected change in the quantity of money will have no effect
on the distribution of real prices. Some sellers might keep their nominal price unchanged-as
long as their price is still on the support of the equilibrium distribution—but the overall nominal
price distribution will fully adjust to the monetary shock and will not affect consumption or
production.

The observations above suggest that, to understand how monetary policy works, we first need
to understand why nominal prices are sticky. This is the goal of our article. To accomplish this
goal, we develop a model of the product market in which buyers and sellers face search frictions
in trade, and sellers face menu costs in adjusting their nominal prices. We calibrate the model
using data on the duration of nominal prices at individual sellers and on the dispersion of prices
across different sellers in the same market. We then use the calibrated model to measure the
relative contribution of menu costs and search frictions to the nominal stickiness of prices that
we see in the data.

We consider a product market populated by a continuum of buyers and sellers who,
respectively, demand and supply an indivisible good. Buyers search the market for sellers. The
outcome of the search process is such that some buyers are captive—in the sense that they find
only one seller—and some buyers are non-captive—in the sense that they find multiple sellers.
Sellers cannot discriminate between the two types of buyers and, hence, they post a single price.
The price is set in nominal terms and can only be changed by paying a menu cost. Essentially,
our model is a dynamic version of [Burdett and Judd (1983) with menu costs.

When menu costs are zero, the unique equilibrium of the model is such that different sellers
post different prices for the same good (see [Burdett and Judd, [1983). Price dispersion emerges
because of the coexistence of non-captive buyers—which guarantee that an individual seller can
increase its profit by undercutting any common price above marginal cost—and captive buyers—
which guarantees that the undercutting process cannot drive a common price down to marginal
cost. When menu costs are positive but small, the unique equilibrium of the model is such that
sellers follow a (Q,S,s) pricing rule. According to this rule, the seller lets inflation erode the
real value of its nominal price until it reaches some point s. Then, the seller pays the menu cost
and changes its nominal price so that the real value of the new price is a random draw from a
distribution with some support [S, Q], with O > S > 5. When menu costs are large, the equilibrium
is such that sellers follow a standard (S,s) rule. The key finding is that, as long as the menu costs
are small enough, the unique equilibrium is such that sellers follow a (Q,S,s) rule rather than a
standard (S,s) rule. We show that the forces that rule out the existence of an (S,s) equilibrium
when menu costs are small are the same forces that rule out a one-price equilibrium when there
are no menu costs.

A (Q,S,s) equilibrium looks like a hybrid between the equilibrium in a standard search model
of price dispersion (see, e.g., [Burdett and Judd, [1983) and the equilibrium in a standard menu
cost model of price stickiness (see, e.g., M (1977 and [Bénabou, |_L‘28ﬂ) The
seller’s present value of profits is maximized for all real prices between S and Q. Also, over the
interval between S and Q, the distribution of prices across sellers is the one that keeps the seller’s
flow profit constant. These are the key features of equilibrium in [Burdett and Judd (1983). The
seller’s present value of profits increases monotonically for all real prices between s and S. Also,
over the interval between s and S, the distribution of prices across sellers is log-uniform. These
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are the key features of equilibrium in [Sheshinski and Weisd (1977) and [Bénabou (1988). The

natural combination of properties of search models and menu cost models emerges from a rather
surprising feature of individual behaviour: When they pay the menu cost, sellers randomize over
the real value of their new nominal price.

We establish two substantive differences between a (Q,S,s) equilibrium and a standard (S,s)
equilibrium. The first difference is related to the cause of price stickiness. In a (Q,S,s) equilibrium,
both menu costs and search frictions contribute to stickiness. As inflation erodes the real value
of a nominal price from Q to S, the seller’s profit remains constant and maximized. Here, the
seller would not want to adjust its nominal price even if it could do it for free. As inflation further
erodes the real value of the nominal price from S to s, the seller’s profit declines. Here, the seller
would want to adjust its nominal price, but it does not in order to avoid paying the menu cost.
Overall, menu costs cause only part of the stickiness of a nominal price. The other part is caused
by search frictions—specifically search frictions such that some buyers are captive and some are
not—which create an interval of prices over which the seller’s present value of profits is constant
and maximized. In contrast, in an (S,s) equilibrium, the seller’s present value of profits is only
maximized at the highest price and all stickiness is due to menu costs.

The second substantive difference is related to the welfare effect of inflation. In a (Q,S,s)
equilibrium, inflation has no effect on the sellers’ maximum profit. This observation implies that
inflation has no effect on the measure of sellers entering the market and, for any generic matching
function, on the buyers’ probability of meeting sellers. The observation that inflation does not
affect the sellers’ maximum profit also implies that, while inflation increases the resources spent
by sellers to adjust their nominal price, this increase in expenditures is passed to the buyers
via higher prices. Overall, higher inflation leaves the lifetime utility of sellers unaffected and
unambiguously lowers the lifetime utility of buyers, thus causing welfare to fall. In contrast, in
an (S,s) equilibrium, inflation lowers the sellers’ maximum profit. In turn, this leads to a decline
in the number of sellers in the market, in the buyers’ probability of trade, and to lower prices.
As shown in[Bénabod (]_l%ﬂ, |1292) and [Diamond dlM), the latter effect may result in welfare
being maximized at a strictly positive rate of inflation.

In the last part of the article, we carry out an exploratory calibration of the theory. We calibrate
the model using data on the average duration of the price of a particular good at a particular store
(from[Nakamura and Steinsson,[2008), as well as data on the dispersion of the price of a particular

ood across different stores at a particular time and in a particular market (from'KTP;ﬂm
). In all of our calibrations, we find that the equilibrium is such that sellers follow a (Q,S,s)
rule. This finding implies that welfare is, at least locally, decreasing in inflation. We also find
that both search frictions and menu costs contribute to some extent to the observed stickiness
of nominal prices, although search frictions are relatively more important. This finding suggests
that theories of price stickiness that abstract from search frictions—e.g. )—are
likely to overestimate the magnitude of menu costs and, in turn, the importance of nominal price
rigidities as a channel of transmission of monetary policy shocks to the real side of the economy.
Similarly, theories of price stickiness that abstract from menu costs—e. g.m M)—are
likely to underestimate the importance of nominal price rigidities as a channel of transmission of
monetary policy shocks. While these quantitative findings have to be taken with a grain of salt
as our theory is too stark to capture all features of the data, they still provide useful information
as back-of-the-envelope calculations.

The papers makes both theoretical and empirical contributions. On the theory side, the main
contribution is to prove that—in a search-theoretic model of price dispersion—sellers follow a
(Q,S,s) rule when menu costs are small. This is a new finding. Indeed, the literature on menu cost
models universally finds that sellers follow an (S,s) pricing rule, or some analogous pricing rule

>
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with deterministic exit and reset prices'S_h.Qshj_nsk_La.ndﬂQi_sﬁi (1974),[Caplin and Spulberd (1987)

and|Caplin and Leahyl (1997, [2010) prove the optimality of an (S,s) rule for a monopolist facing
an _exogenous downward-sloping demand curve. [Dotsey er al] (1999) and [Golosov and Lucad

) prove the optimality of an (S,s) rule in an equilibrium model where a continuum of
monopolistic competitors face an endogenous demand curve derived from the buyers’ Dixit-
Stiglitz utility function. [Bénabou (l_]__%ﬂ 11292) shows that (S,s) rules are optimal in the search
model of m M) where all buyers are captive. [Midrigan (2011)) and [Alvarez and Lippi

) generalize the notion of an (S,s) rule for sellers of multiple goods. The (Q,S,s) pricing rule is
not only interesting because it is theoretically novel, but also because—we believe—it will arise in
most product markets where the nature of competition between sellers is such that price dispersion
must emerge in equilibrium (see, e. g.,lRms_cgd,hﬂH,lEdeﬂ,hﬂ%l orManigLand_'IlaghLe_ﬂ,DQIE).
This type of markets seems the most relevant given how systematically and how widely the Law
of One Price fails.

On the empirical side, the main contribution of the article is to attempt to measure how much
of the observed stickiness of nominal prices is due to menu costs and how much to search frictions.
We find that both menu costs and search frictions are responsible for some price stickiness. Indeed,
if all stickiness was due to menu costs, the theory would imply much less price dispersion than
in the data. Conversely, if all stickiness was due to search frictions, the theory would imply more
price dispersion than in the data. A combination of menu costs and search frictions is required to
simultaneously match empirical measures of price stickiness and price dispersion. Substantively,
the result is important because price stickiness is a channel of transmission of monetary policy
shocks to the real side of the economy only to the extent that such stickiness is caused by menu
costs. Methodologically, the result is interesting because it shows that proper estimation of menu
costs and search frictions requires taking simultaneously into account both dispersion and duration
of prices.

2. ENVIRONMENT

We study a dynamic and monetary version of a model of imperfect competition in the spirit
of Butterd 1977), [Variad (198d) and [Burdett and Judd (1983). The market for an indivisible
good is populated by a continuum of identical sellers with measure 1. Each seller maximizes
the present value of real profits, discounted at the rate » > 0. Each seller produces the good at a
constant marginal cost, which, for the sake of simplicity, we assume to be zero. Each seller posts
a nominal price d for the good, which can only be changed by paying the real cost ¢, with ¢ > 0.

The market is also populated by a continuum of identical buyers. In particular, during each
interval of time of length dt, a measure bdt of buyers enters the market. A buyer comes into contact
with one seller with probability o and with two sellers with probability 1 —«, where a € (0, 1). We
refer to a buyer who contacts only one seller as captive, and to a buyer who contacts two sellers
as non-captive. Then, the buyer observes the nominal prices posted by the contacted sellers and
decides whether and where to purchase a unit of the good. If the buyer purchases the good at the

1. (@) is one exception. He studies the pricing problem of a monopolist facing menu costs and a
population of heterogeneous buyers. Some buyers have the ability to store the good. Other buyers must consume the good
right away. The presence of buyers with storage ability gives the seller an incentive to randomize over the timing of a
price adjustment. This pricing rule has the same flavor of our (Q,S,s) pricing rule in the case of deflation (see SectionH).
Yet, the economic forces behind the randomization are different. In (@), the seller needs to randomize to
prevent the buyers with storage ability from timing their purchases right before a price adjustment takes place. In our
model, sellers randomize because, if they played pure symmetric strategies, there would not be enough price dispersion
to maintain equilibrium.
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nominal price d, he obtains a utility of Q — u(#)d, where p(¢) is the utility value of a dollar at
date r and Q > 0 is the buyer’s valuation of the good. If the buyer does not purchase the good, he
obtains a reservation utility, which we normalize to zero. Whether the buyer purchases the good
or not, he exits the market.

The utility value of a dollar declines at the constant rate 7. Therefore, if a nominal price remains
unchanged during an interval of time of length dt, the real value of the price falls by exp(—mdt).
In this article, we do not describe the demand and supply of dollars. It would, however, be
straightforward to embed our model into either a standard cash-in-advance framework (see, e.g.,

Lucas and Stokeyl, [1987) or in a standard money-search framework (see, e.g.,[Lagos and Wright,

‘M) and show that, in a stationary equilibrium, the depreciation rate 7 would be equal to the

growth rate of the money supply.

Even without inflation and menu costs, the equilibrium of the model features a non-degenerate
distribution of prices. The logic behind this result is clear. If all sellers post the same price, an
individual seller can increase its profits by charging a slightly lower price and sell not only to
the contacted buyers who are captive, but also to the contacted buyers who are not captive. This
Bertrand-like process of undercutting cannot push all prices down to the marginal cost. In fact,
if all sellers post a price equal to the marginal cost, an individual seller can increase its profits by
charging the reservation price Q and sell only to the contacted buyers who are captive. Thus, in
equilibrium, there must be price dispersion.

There are two differences between our model and[Burdett and Judd (1983) (henceforth, BJ83).
First, in our model sellers post nominal prices that can only be changed by paying a menu cost,
while in BJ83 sellers post real prices that can be freely changed in every period. This difference is
important because it implies that in our model the problem of the seller is dynamic, while in BJ83
it is static. Second, in our model the fraction of buyers meeting one and two sellers is exogenous,
while in BJ83 it is an endogenous outcome of buyers’ optimization. We believe that our results
would generalize to an environment where buyers’ search intensity is endo enousf

There are also two differences between our model andm ) (henceforth, B88).
First, in our model there are some buyers who are in contact with one seller and some who are in
contact with multiple sellers, while in B88 all buyers are temporarily captive. This difference is
important because it implies that, even without menu costs, the equilibrium of our model features

rice dispersion, while in B88 every seller would charge the monopoly price (as in m,

). Second, in our model buyers have to leave the market after they search today, while in B§88

they can choose to stay in the market and search again tomorrow. Our results would generalize to

an environment where buyers are allowed to search repeatedlyﬁ Therefore, the reader can think
of B88 as a special case of our model in which ¢ =1.

3. INFLATION

In this section, we study equilibrium in the case of a positive rate of inflation. In Section[3.1] we
formally define a (Q,S,s) and an (S,s) equilibrium. In Section[3.2] we establish conditions for the
existence of a (Q,S,s) equilibrium. In Section B3] we establish conditions for the existence of

2. Consider a model where buyers can choose whether to search once or twice. Clearly, given the appropriate
choice of the distribution of search costs across buyers, the equilibrium of our model is also an equilibrium of the model
with endogenous search intensity.

3. Consider a model where buyers can search repeatedly and have a valuation of the good Z > (Q and a discount
factor p. Given the appropriate choice of Z and p, the equilibrium of our model is also an equilibrium of the model with
repeated search. In the model with repeated search, Q does not represent the buyer’s valuation of the good, but the buyer’s
reservation price.
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an (S,s) equilibrium. Our main finding is that, when the menu cost is small enough, the unique
equilibrium is such that sellers follow a (Q,S,s) pricing rule and that in such equilibrium both
search frictions and menu costs contribute to price stickiness. In Section B4 we generalize our
findings to a version of the model where the good is divisible.

3.1.  Definition of equilibrium

We begin by defining a stationary (Q,S,s) equilibrium. In a (Q,S,s) equilibrium, each seller lets
inflation erode the real value of its nominal price until it reaches some level s, with s€ (0, Q).
Then, the seller pays the menu cost and resets the nominal price so that its real value is a random
draw from a distribution with support [S, O], with S € (s, Q). We denote as F' the distribution of
the real value of nominal prices across all sellers in the market and as G the distribution of the
real value of new nominal prices across sellers who just paid the menu cost, where both F and
G are equilibrium objects1 We also find it useful to denote as p(¢) the real value of a nominal
price that, ¢ units of time ago, would have had a real value of Q, i.e. p(t)= Qe "'. We then let T}
denote the amount of time it takes for inflation to lower the real value of a nominal price from Q
to S, and T, denote the amount of time it takes for inflation to lower the real value of a nominal
price from S to s, that is 71 =log(Q/S)/m and T> =log(S/s)/.

Consider a seller whose current nominal price has a real value of p(7). The present value of
the seller’s profits, V(¢), is given by

T
V(5)=max / TR dx+e T (VE—c), 1)
t

where
R(p(x))=[ba+2b(1 —a) (1 = F(p(x)))]p(x). (2

The above expressions are easy to understand. After x—¢ units of time, the seller’s nominal
price has real value of p(x) and the seller enjoys the flow profit R(p(x)). After T —¢ units of
time, the seller pays the menu cost ¢, resets the nominal price and attains the maximized present
value of profits V*. The seller’s flow profit R(p(x)) is given by the sum of two terms. The seller
meets a captive buyer at the rate ba. Conditional on meeting a captive buyer, the seller trades with
probability 1 and enjoys a profit of p(x). The seller meets a non-captive buyer at the rate 2b(1 — ).
Conditional on meeting a non-captive buyer, the seller trades with probability 1 —F(p(x)) and
enjoys a profit of p(x).

The seller chooses when to pay the menu cost and reset its nominal price. From (I, it follows
that the seller finds it optimal to pay the menu cost when the real value of its nominal price is
equal to s=p(T1+T3) only if

R(p(T1 +Tp)=r(V*—o). 3)

The above expression is intuitive. The seller’s marginal benefit from waiting an additional instant
to pay the menu cost is R(p), that is the seller’s flow profit. The seller’s marginal cost from waiting
an additional instant to pay the menu cost is #(V* —c), that is the annuitized value of paying the
menu cost and then attaining the maximized present value of profits. The seller finds it optimal

4. Notice that F' is must be a continuous function. Indeed, it is immediate to verify that there cannot be a positive
measure of sellers with the same price p in a stationary equilibrium where all sellers follow the same (Q,S,s) rule.
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to pay the menu cost only if the marginal benefit and the marginal cost of waiting are equated.
Condition @) is also sufficient i

R(p(1))=r(V*—c), ¥1€[0,T| +T2]. “)

When it pays the menu cost, the seller chooses the real value of its new nominal price. The
seller finds it optimal to choose any real price in the interval [S, O] if and only if the present value
of its profits attains the value V* for all prices in [S, Q], and attains a value smaller than V* for
all prices in [s,S]H That i,

V()=V*Vrel0,T1], 5)

V() =V*, Vie[T1, Ti +Tal. (6)

We find it useful to rewrite condition @) as
R(p(1))=rV*,vt€[0,T}], @)

and

T+T1>
/ e "CTTOR(p(x)) dx +e7 T2 (VF—c) = V™. (8)
T

Let us explain the two conditions above. Suppose that (3) holds. In this case, the present value of
profits for a seller with a real price of S =p(T) is equal to V*. This is condition (8). Moreover, the
derivative of the present value of profits with respect to the age of the seller’s price is equal to O for
all 1[0, Ty]. Since V/(t)=rV(t)—R(p(t)) and V(¢)=V*, we obtain condition ([@). Conversely, if
@ and @) hold, V(¢)=V* for all t [0, T}].

The cross-sectional distribution of prices across sellers, F, is stationary if and only if the
measure of sellers whose real price enters the interval [s,p] is equal to the measure of sellers
whose real price exits the same interval [s, p] during an arbitrarily short period of time of length
dt. These inflow-outflow conditions are given by

F(e™p)—F(p)=F (™ s)— F(s), Vp € (s, ), 9)

Fp)—F(p)=[F(e™5)~F(5) |1~ Gp)], ¥ (S, 0). (10)

The left-hand side of @) and (IQ) is the flow of sellers into the interval [s, p]. The inflow is given
by the measure of sellers whose real price is between p and pe™ dt Tn fact, each of these sellers
starts with a price greater than p and, after dr units of time, has a real price smaller than p. The
right-hand side of (@) and (I0) is the flow of sellers out of the interval [s, p]. If p is smaller than
S, the outflow is given by the measure of sellers whose real price is between s and se™ . Indeed,
each of these sellers starts with a price smaller than p and, within the next df units of time, pays
the menu cost, chooses a real price in the interval [S, O] and ends with a price greater than p. If
p is greater than S, the outflow is given by the measure of sellers who pay the menu cost within

5. To be precise, sufficiency also requires R(p(t)) <r(V* —c) for t > T +T,. This inequality is implied by the
necessary condition R(p(T1 +T3))=r(V* —c) because R(p) < R(s) for all p <s.

6. To be precise, one would also have to check that V() < V* for all # <0. This is trivially satisfied as a seller
never finds it optimal to set the real value of its nominal price to some p > Q.
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the next dr units of time, F(e™%

Dividing by dt and taking the limit as dt — 0, the inflow—outflow conditions become

s)—F(s), times the probability that the new price is greater than

F'(p)yp=F'(s)s, YVpe(s,S), (11)

F'(pp=F'(s)s[1—G@)], ¥p (S, Q). (12)

Condition (1) is a differential equation for F over the interval (s, S). Similarly, condition (I2) is
a differential equation for F' over the interval (S, Q). The boundary conditions associated to these
differential equations are

F(s)=0,F(S—)=F(+), F(Q)=1. (13)

Intuitively, F(s)=0 as there are no sellers who let their price fall below s. Similarly, F(Q)=
1 as there are no sellers who reset their real price above Q. Finally, F(S—)=F(S+) as the
cross-sectional distribution of real prices across sellers is continuousEIy

We are now in the position to define a (Q,S,s) equilibrium.

Definition 1. A stationary (Q,S,s) equilibrium is a cumulative distribution of prices F :[s, Q] —
[0, 1], a cumulative distribution of new prices G:[S, Q] — [0, 1], a pair of prices (s,S) with0 <s <
S < O, and a maximized present value of seller’s profits V* that satisfy the optimality conditions

Q). @, @, @, ® and the stationarity conditions [([I)—L3).

Next, we define a stationary (S,s) equilibrium. In an (S,s) equilibrium, each individual seller
lets inflation erode the real value of its nominal price until it reaches some level s € (0, Q). Then,
the seller pays the menu cost and adjusts the nominal price so that its real value is S =Q. Notice
that one can think of an (S,s) equilibrium as a version of a (Q,S,s) equilibrium in which the lower
bound S on the distribution of new prices is equal to the upper bound Q on the distribution of
new prices.

Using the above insight, we can define an (S,s) equilibrium as follows.

Definition 2. A stationary (S,s) equilibrium is a cumulative distribution of prices F :[s,Q] —
[0, 1], a pair of prices (s,S) with 0 <s <S=Q, and a maximized present value of seller’s profits
V* that satisfy the optimality conditions @), @), @), @) and the stationarity conditions (1),
(3.

The (Q,S,s) and the (S,s) equilibria defined above are the only possible equilibria within the
set of stationary equilibria in which sellers follow a symmetric pricing strategy such that: (1)
the seller pays the menu cost when the real value of the nominal price reaches a point randomly
drawn from distribution with support [A, B]; (2) the seller resets the nominal price so that its real
value is randomly drawn from some distribution with support [C, D]. Indeed, it is easy to show
that, in any equilibrium with inflation, we must have A=B, and D=0

7. Aspointed out by one of the referees, one can obtain (IID—(I3) as straightfoward applications of the Kolmogorov
Forward Equation.

8. First, let us explain why D= Q. Suppose D < Q. The necessary condition for optimality of the seller’s new price
implies rV*=R(D)=baD. Since R(p)=bap > R(D) for all pe (D, (], the seller would be strictly better off resetting
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3.2. (0,S,s) Equilibrium

We now focus on the (Q,S,s) equilibrium. First, we solve for the pricing strategy of sellers and
the stationary distribution of prices, and we identify a necessary and sufficient condition for the
existence of a (Q,S,s) equilibrium. Second, we illustrate in details the properties of a (Q,S,s)
equilibrium. Finally, we prove that the existence condition for a (Q,S,s) equilibrium is satisfied
when either the menu cost and/or the inflation rate are not too high.

3.2.1. Existence. Consider the equilibrium condition (@), which guarantees that the
derivative of the seller’s present value of profits V() with respect to the age ¢ of the price is
equal to zero for all t € [0, T ]. For t =0, (@) states that the flow profit for a seller with a real price
of Q is equal to the annuitized maximum present value of the seller’s profits, that is R(Q)=rV*.
Since a seller with a real price of Q only trades with captive buyers, it enjoys a flow profit of
R(Q)=baQ. Using this observation, we can solve R(Q) =rV* with respect to V* and find

V¥=baQ/r. (14)

The equilibrium value for V* has a simple interpretation. The maximized present value of the
sellers’ profits is equal to the value that would be attained by a hypothetical seller who always
charges the buyer’s reservation price Q and trades only with captive buyers.

Consider again the equilibrium condition {Z). For ¢ € [0, T1], (@ states that the flow profit for
a seller with a real price of p €[S, Q] is equal to the annuitized maximum present value of the
seller’s profits, that is R(p) =rV™*. Since a seller with a real price of p enjoys a flow profit R(p)
equal to bla+2(1 —a)(1 — F(p))]lp and the maximum present value of the seller’s profits V* is
equal to (T4), we can solve R(p)=rV* with respect to the price distribution . We then find that

Foy=1—-—2 27?7 v,cis.01. (15)
2(1—a) p

Notice that, over the interval [S, O], the equilibrium price distribution is the same as in BJ§3.
This finding is easy to understand. The price distribution equalizes the seller’s flow profit for all
prices in the interval [S, Q]. The price distribution plays exactly the same role in BJ83 and in
many other search-theoretic models of price dispersion. Hence, over the interval [S, O], the price
distribution in our model has the same shape as in BJ83.

Next consider the stationarity condition (II)), which is an equation for the derivative of the
price distribution F over the interval (s,S). Integrating (IT) and using the boundary conditions
F(s)=0 and F(S—)=F(S+), we find that

o Q—S]logp—logs
2(1—a) S |logS—logs

F(p)=|:1 ,Vpels,S]. (16)

Notice that, over the interval [s, S, the equilibrium price distribution is the same as in B88. The
finding is easy to understand. Sellers enter the interval [s,S] from the top, they travel through

its price to Q rather than D. Suppose D> Q. The necessary condition for optimality of the seller’s new price implies
rV*=R(D)=0. Then V* — ¢ <0, the seller would never pay the menu cost and there is no stationary equilibrium. Next, let
us explain why A =B. Suppose A < B. The necessary condition for optimality of the seller’s exit price implies r(V* —c)=
R(p) for all p €[A, B]. Solving this indifference condition with respect to F' gives F(p)= ﬁ p;—A for all pe(A,B). In
turn, this implies F'(p;)p1 > F'(p2)p2 for all py,ps € (A, B) with p; <p,. However, the measure of sellers with a price
between p; and pj+e€ cannot be greater than the measure of sellers who 7 units of time before had a price between
p1€°T and (p; +€)e™ T, with T =log(p2/p1)/. This is because sellers can reach the price p; only if they has a price of
p2 T units of time ago. Taking the limit for € — 0, the inequality becomes F'(p;)p1 < F’'(p2)p2 for all py,p2 € (A, B) with

P1<p2.
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the interval at the rate 7, and they exit the interval from the bottom. This is the same pattern
followed by sellers in B88 and in any model in which sellers follow an (S, s) rule. Since the
log-uniform distribution is the only stationary distribution consistent with this type of motion,
the price distribution in our model must have the same shape over the interval [s,S] as in B88.

Now consider the stationarity condition (I2)), which is an equation for the derivative of the
price distribution F over the interval (S, Q). Using the fact that the price distribution F is given
by (3D, we can solve for (I2) with respect to the distribution of new prices G and find

o Q—S)—‘alog(S/s)Q pe(s.0) an

Gp)=1 (1 2(1—a) S 2(1—a)p '
The derivation above makes it clear that the role of the distribution of new prices G is to generate
the cross-sectional distribution of prices F that keeps the seller’s profit constant over the interval
[S, O] and, hence, makes sellers indifferent between resetting their price anywhere in the interval
[S, Q). One can easily see from (I3 that, to fulfill its role, the distribution G must have a mass
point of measure x (S)=G(S) at S and a mass point of measure x (Q)=1—G(Q—), where x(S)
and x(Q) are given by

3 a 0-5\'alog(S/5)0
X(S)_1_<1_2(1—a) s ) 20—)S (18)

B a 0-5\"'alog(S/s)
X(Q)_<1_2(l—a) S ) 20-a) (19)

Finally, we need to solve for the equilibrium prices s and S. The optimality condition ()
states that the flow profit for a seller with a real price of s is equal to the annuity value of paying
the menu cost, adjusting the nominal price, and enjoying the maximized present value of profits.
That is, R(s) =r(V* —c). Since a seller with a real price of s trades with all the buyers it meets,
R(s)=b(2—a)s. Using this observation, we can solve R(s)=r(V* —c) with respect to s and find

SZM_ (20)
2—a

The optimality condition (8)) states that a seller with a real price of S must attain the maximized
present value of profits V*. After substituting out F, G and V* and solving the integral, we can
rewrite (§) as

o)< PO U4 4TS | 2-a)S —ag
- (r+7)? 5(S)
(2D
_ = (r+m)T2(S) ()
+ [L] «Q— [le—z} 20— eS¢ Jb=0),

r+m r

where

log(S/s) aQ—rc/b

—, s=—
b4

T 2—«a
Clearly, a (Q,S,s) equilibrium exists only if the equation ¢(S) admits a solution for some § in the
interval (s, Q). It is easy to verify that ¢(S) is strictly negative for all S € [s,0Q/(2—«)] and it is

Th(S)=

Downl oaded from https://academ c. oup. com restud/ articl e-abstract/85/2/892/ 4084589

by guest
on 09 April 2018



902 REVIEW OF ECONOMIC STUDIES

(a) (b)
w0l
! 5 Q 052k 5 Q
100F i
esF osif
L o.s0f
o7k
049
o6k
ik 04h
fo M P L i p L L et L i p
0.0 0.2 04 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0
FIGURE 1

Present value of profits and flow profit. (a) Present value; (b) Flow profit

Notes: The present value of profits V and the flow profit R as functions of the real price p given the parameters « =1/2, c=1/2, b=1,
Q=1,r=5% and 7 =3%.

strictly increasing for all S € [s, Q]. Therefore, a (Q,S,s) equilibrium exists only if the equation
¢(Q)>0. As it turns out, ¢(Q) >0 is also a sufficient condition for the existence of a (Q,S,s)
equilibrium.

The next theorem summarizes our findings, and provides a characterization of the seller’s
value function, V(¢), and flow payoff function, R(p).

Theorem 1. A (Q,S,s) equilibrium exists iff o(Q) > 0. If a (Q, S, s) equilibrium exists, it is unique
and: (a) V'(1)=0 for all t1€(0,T;) and V'(t) <0 for all te(Ty,T1+T2); (b) R'(t)=0 for all
1€(0,T)), R'(t)>0 for all te(Ty,T) and R'(t) <0 for all t (T, T +T>), where R(t)=R(p(t))
and T € (T}, Ty +T>).

Proof. In Appendix A. ||

3.2.2. Characterization. Figures [l and Rlillustrate the qualitative features of a (Q,S,s)
equilibrium. Figure [Th plots the seller’s present value of profits as a function of the real value of
the seller’s price. Like in a standard search-theoretic model of price dispersion (e.g. BJ§3), the
seller’s present value of profits remains equal to its maximum V* as the real value of the nominal
price goes from Q to S. Like in a standard menu cost model] (e.g. B88), the seller’s present value
of profits declines monotonically from V* to V* —c as the real value of the nominal price falls
from S to s. When the real value of the nominal price reaches s, the seller finds it optimal to pay
the menu cost and reset its price.

When the seller pays the menu cost, it is indifferent between resetting its nominal price to
any real value between S and Q. This property of the equilibrium may seem puzzling, as the
seller would have to pay the menu cost less frequently if it were to reset the real price to Q rather
than to, say, S. The solution to the puzzle is contained in Figure[Ib, which plots the seller’s flow
profit as a function of the real price. As the real price falls from Q to S, the seller’s flow profit
is constant and equal to rV*. As the real price falls below S, the seller’s flow profit increases,
reaches a maximum, and then falls to r(V* —c¢). Thus, if the seller resets its real price to Q rather
than to some lower value, it pays the menu cost less frequently but it also enjoys the highest flow

9. With standard menu cost model we refer to any model in which sellers follow an (S,s) pricing rule.
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FIGURE 2
Equilibrium price distributions. (a) Price distribution; (b) New price distribution

Notes: The densities of the equilibrium distribution of prices and of the equilibrium distribution of new prices given the parameters o =1/2,
c=1/2,b=1,0=1,r=5% and 7 =3%.

profit less frequently. The two effects exactly cancel each other and, for this reason, the seller is
indifferent between resetting its real price to any value between S and Q.

Figure 2h plots the density F’ of the equilibrium price distribution. Over the interval [S, 0],
the equilibrium price distribution is such that the seller’s flow profit is constant, just as in a
standard search-theoretic model of price dispersion. Over the interval [s,S], the distribution is
log-uniform, just as in a standard menu cost model. At the border between the two intervals (i.e. at
price S), there is a discontinuity in the density of the equilibrium price distribution. In particular,
the density to the right of S is discontinuously lower than to the left of S. This discontinuity
explains why the seller’s flow profit increases when the real price falls below S. Let us axpand
on this point. As its real price falls, the seller experiences an increase in the volume of trade that
is proportional to the increase in the number of firms charging a price higher than the seller’s (an
increase equal to the density of the price distribution). As the real price falls from Q to S, the
density of the price distribution is such that the increase in the seller’s volume of trade exactly
offsets the decline in the seller’s profit margin. As the real price falls below S, the density of the
price distribution jumps up and, hence, the increase in the seller’s volume of trade more than
offsets the decline in the seller’s price. Thus, the seller’s flow profit increases.

FigurePb plots the density of the equilibrium distribution of new prices G. The support of the
distribution is the interval [§, Q]. The distribution has mass points at S and Q, and is continuous
everywhere else. The fact that the distribution of new prices G has a mass point at S explains
why the density of the price distribution F has a discontinuity at S, why the seller’s flow profit
increases when its real price falls below S and, ultimately, why the seller is indifferent between
resetting its price anywhere between S and Q. The fact that the distribution of new prices G has a
mass point at Q explains why the density of the equilibrium price distribution F is strictly positive
at S, which is necessary for the seller’s flow profit to remain constant as the real value of its price
falls below Q.

In a (Q,S,s) equilibrium, both search frictions and menu costs contribute to the stickiness
of nominal prices. Consider a seller that just reset the real value of its nominal price to some
pelS, Ol The seller keeps this nominal price unchanged for log(p/s)/m units of time. During the
first log(p/S)/m units of time in the life of the price, the seller’s present value of profits remains
constant at V*. During this phase, the seller would not want to change its price even if it could
do it for free. During the last log(S/s)/m units of time in the life of the price, the seller’s profit
is strictly smaller than V*. During this phase, the seller would like to change its nominal price
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but it chooses not to in order to avoid paying the menu cost. Only the second phase of nominal
price stickiness is caused by menu costs. The first phase is caused by the fact that, in a (Q,S,s)
equilibrium, profits are maximized over the whole interval [S, Q]. As we explain in Section B3]
the existence of a profit maximizing interval [S, Q] is due to search frictions and, in particular,
to a search process in which there are both captive and non-captive buyers. The fact that in a
(Q,S,s) equilibrium both search frictions and menu costs contribute to nominal price stickiness
is in contrast with a standard menu cost model—that is a model where sellers follow a standard
(S,s) rule. In fact, in a standard menu cost model, profits are maximized only at the highest price
in the distribution and, hence, all price stickiness is due to menu costs.

3.2.3. Comparative statics. We now want to understand how changes in the parameters
of the model affect outcomes in a (Q,S,s) equilibrium. In particular, we are interested in the effect
of ¢ and w on nominal price stickiness and on the contribution of search frictions and menu costs
to nominal price stickiness. As a simple measure of nominal price stickiness, we use 71+ 71>,
which is the longest duration of a nominal price in equilibrium (i.e. the duration of a nominal
price that had a real value of Q at the time it was chosen by the seller). As a measure of the
contribution of search frictions to stickiness, we use 71 /(T1 + T2), which is the fraction of time
that the nominal price with the longest duration spends in the region [S, Q] created by search
frictions. As a measure of the contribution of menu costs to stickiness, we use T, /(T +T>),
which is the fraction of time that the nominal price with the longest duration spends in the region
[s,S] created by menu costs.

In Appendix B, we prove that a (Q,S,s) equilibrium exists if and only if the menu cost ¢
belongs to the interval (0,c), where ¢ is a strictly positive number that depends on the value of the
other parameters. Over the interval (0, ¢), an increase in the menu cost leads to a decrease in s and
to an increase in S. Intuitively, s falls because the cost of deferring the adjustment of the nominal
price decreases with c. Similarly, S increases because the benefit of adjusting the nominal price
to a higher real value increases with c. Given the response of s and S, it follows that an increase
in the menu cost leads to: an increase in price stickiness, as measured by 71 +7>; a decline in
the contribution of search frictions to stickiness, as measured by 71 /(T1 +T»); an increase in the
contribution of menu costs to stickiness, as measured by 75 /(T 4 T>).

When the menu cost ¢ approaches ¢, the (Q,S,s) equilibrium converges to the equilibrium of
a standard menu cost model (e.g. B88). In fact, for ¢ — ¢, the lowest price in the distribution of
new prices, S, converges to the highest price in the distribution of new prices, Q. Therefore, for
¢ — ¢, all sellers reset their price to O, the present value of the sellers’ profits attains its maximum
only at O, and the entire cross-sectional price distribution is log-uniform. Clearly, for ¢ — ¢, all
of nominal price stickiness is caused by menu costs. When the menu cost ¢ approaches 0, the
(Q.S,s) equilibrium converges to the equilibrium of a standard search-theoretic model of price
dispersion (e.g. BJ83). In fact, for ¢ — 0, the lowest price in the cross-sectional distribution of
prices, s, converges to the lowest price in the distribution of new prices, S. Therefore, for c — 0,
every price on the support of the cross-sectional distribution of prices maximizes the present
value of the seller’s profits, and the cross-sectional price distribution is such that the seller’s flow
profit is the same at every price. Clearly, for ¢ — 0, there is nominal price stickiness (as sellers

only adjust the nominal price when it reaches a real value of s) and it is all caused by search
frictions[[

10. W M) analyse a version of our model without menu costs. They show that the equilibrium pins
down the distribution of real prices F, but not the distribution of new real prices G or the pricing strategy of individual
sellers. For ¢ — 0, the equilibrium F of our model is exactly the same as theirs. However, for ¢ — 0, the equilibrium of

Downl oaded from https://academ c. oup. com restud/ articl e-abstract/85/2/892/ 4084589

by guest
on 09 April 2018



BURDETT & MENZIO THE (Q.S,s) PRICING RULE 905

In Appendix B, we also prove that a (Q,S,s) equilibrium exists if and only if the inflation
rate 7w belongs to the interval (0,7), where 7 is a strictly positive number that depends on the
value of the other parameters. Over the interval (0,7), an increase in inflation does not affect
s, but it leads to an increase in S. Intuitively, s does not change because neither the marginal
cost or the marginal benefit of deferring the adjustment of a nominal price depend on 7. In
contrast, S increases because the benefit of resetting the nominal price to a higher value increases
with r. Moreover, we prove that an increase in inflation leads to: a decline in nominal price
stickiness, as measured by 71+ 7T5; a decline in the contribution of search frictions to price
stickiness, as measured by 77 /(T 4 T>); an increase in the contribution of menu costs to nominal
price stickiness, as measured by 7, /(T1 + 7). When 7 approaches 7, the (Q,S,s) equilibrium
converges to the equilibrium of a standard menu cost model. When 7 approaches 0, the (Q,S,s)
equilibrium does not have any special properties, except that the travelling times 7’1 and 75 go to
infinity.

The comparative statics results are collected in the following theorem.

Theorem 2. (i) A (Q,S,s) equilibrium exists iff c€(0,¢), where ¢>0 depends on other
parameters. As c increases in (0,¢): (a) nominal price stickiness, T1+T», increases; (b) the
contribution of search frictions to price stickiness, T1 /(T1+T»), falls; (c) the contribution of menu
costs to price stickiness, T»/(T1+T»), increases. (ii) A (Q,S,s) equilibrium exists iff w € (0,7),
where T > 0 depends on other parameters. As w increases in (0,7): (a) nominal price stickiness,
T+ T», falls; (b) the contribution of search frictions to price stickiness, T1/(T1+Ty), falls; (c)
the contribution of menu costs to price stickiness, T»/(T1+T1>), increases.

Proof. In Appendix B. ||

3.3. (S,s) Equilibrium

We now focus on the (S,s) equilibrium. We first solve for the equilibrium objects when sellers
follow an (S,s) pricing rule. We then derive a necessary and sufficient condition under which
these objects constitute an (S,s) equilibrium. Finally, we prove that the necessary and sufficient
condition for the existence of an (S,s) equilibrium is satisfied if and only if the menu cost is
neither too small nor too large.

To solve for the equilibrium objects when sellers follow an (S,s) pricing rule, start with the
stationarity condition (II). Using the fact that S=Q and the boundary conditions F(s)=0 and
F(Q)=1, we can integrate (IT) and find that

_ logp—logs

Fpy= logQ —logs

, Ypels, Q). (22)

Second, consider the optimality condition (@), which states that R(s) =r(V* —c). Since R(s) =
b(2—a)s, we can solve the optimality condition with respect to s and find

r(V* —c)

our model uniquely pins down the distribution of new prices and the pricing strategy of individual sellers. Indeed, for
¢— 0, G(p)=(p—s)/p and an individual seller changes its nominal price only when its real value reaches s=aQ/(2 — ).
In this sense, the limit of our model for ¢ — 0 provides a natural refinement for the indeterminate equilibrium objects in

Cod.
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Third, consider the optimality condition (8)), which states that a seller with a real price of S
must attain the maximized present value of profits V*. Using the fact that S is equal to Q, F is
given by @2) and s is given by @3), we can rewrite @) as one equation in the unknown V*.
Specifically, we can rewrite it as

i 1—e=CHOTVD (14 (r+m)T(V) | 26(1 —)Q
I(VH)= R -
(r+m) T(v#)
(24)
w baQ+e‘rT(V*)(V*—C)—V*=0
r+m '
where | b2 —a)0
o L —o
T(VH= - log <—r(V*—c)>'

Equations (22)—@4) characterize the equilibrium objects when sellers follow an (S,s) pricing
rule. Theorem[Bshows that these objects constitute an (S,s) equilibrium if and only if V* belongs
to the interval (¢, baQ/r]. It is easy to establish the necessity of V* € (c,baQ/r]. Indeed, if V* <c,
a seller would never find it optimal to pay the menu cost. In this case, there would be no stationary
distribution of prices and, hence, no (S,s) equilibrium. If V* > baQ/r, a seller who pays the menu
cost would find it optimal to reset the real value of its nominal price below Q. Also in this case,
there would be no (S,s) equilibrium. To establish the sufficiency of V* € (¢, baQ/r], we just need
to verify that the seller cannot increase its profit by paying the menu cost before the real value of
the nominal price reaches s—that is, we need to verify the optimality condition (@)—and that it
cannot increase its profit by resetting the nominal price to a real value smaller than Q—that is,
we need to verify the optimality condition (&).

Theorem 3. An (S,s) equilibrium exists iff 3(V*)=0 for some V* € (c,baQ/r].

Proof. In Appendix C. ||

Theorem F] shows that the condition for existence of an (S,s) equilibrium is satisfied if and
only if the menu cost is neither too small nor too large. More specifically, the menu cost ¢ must
be in the interval [cy, c;,], Where ¢y is strictly positive and ¢y, is strictly smaller than baQ/r. The
theorem also shows that the interval [c¢, c,] contains the highest menu cost ¢ for which a (Q,S,s)
equilibrium exists.

Theorem 4. An (S,s) equilibrium exists iff c € [cy,c]. The bounds cy and cj, depend on other
parameters but are always such that 0 <cy <cp <baQ/r and cp <c <cy,.

Proof. In Appendix D. ||

Theorem [ together with Theorem 2 implies that, when the menu cost is small enough, there
is a unique equilibrium and in this equilibrium sellers follow a (Q,S,s) pricing rule. When the
menu cost takes on intermediate values, there may be coexistence of a (Q,S,s) equilibrium and
an (S,s) equilibrium. When the menu cost is high enough (but still lower than cy,), all equilibria
are such that sellers follow an (S,s) pricing rule. When the menu cost is greater than ¢y, sellers
do not want to pay the menu cost and there is no stationary equilibrium.

The key result is that, when the menu cost is sufficiently small, the unique equilibrium is such
that sellers follow a (Q,S,s) pricing rule. Let us provide some intuition for this result. Start with a
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menu cost ¢ for which an (S,s) equilibrium does exist. When we lower c, the real price s at which
sellers find it optimal to pay the menu cost increases—as the marginal cost of a price adjustment
falls—and moves closer and closer to the buyer’s reservation price Q. As a result, the equilibrium
price distribution F' becomes more and more compressed around the buyer’s reservation price Q.
At some point, the price distribution becomes so compressed that an individual seller no longer
finds it optimal to reset the real value of its nominal price to Q. Instead, an individual seller finds
it optimal to reset the real value of its nominal price to some p < Q. The seller finds this deviation
profitable because, by resetting its price to p rather than Q, it can sell not only to the captive
buyers, but also to the increasing number 2b(1 —a)(1 —F(p)) of non-captive buyers who are in
contact with a seller charging a price between p and Q. Thus, when the menu is sufficiently low,
an (S,s) equilibrium with S = Q does not exists.

Could there exist an (S,s) equilibrium with § < Q? The answer is negative. Indeed, suppose
that there exists an (S,s) equilibrium in which every seller resets the real value of its nominal
price to some S <. In this equilibrium, the present value of the seller’s profits at S, which
is the maximum V*, must be greater than at any price smaller than S. This is possible only if
V* <baS/r. However, if V* <baS/r, an individual seller finds it optimal to reset the real value
of its nominal price to Q rather than S. Intuitively, the seller finds the deviation profitable because,
by resetting its price to Q rather than S, it still only sells to the captive buyers but it enjoys a higher
profit margin. More precisely, by resetting its price to Q rather than S, the seller enjoys a period
of length log(Q/S)/m during which its flow profit is strictly greater than ba.S. Since baS > rV*,
the present value of the seller’s profits is higher if he resets its price to Q rather than S. Thus, an
(S,s) equilibrium with S < Q cannot exist.

Overall, when the menu cost is sufficiently low, there cannot be an (S,s) equilibrium in which
all sellers reset their prices to Q because then an individual seller would want to deviate and reset
its price to some p < Q. There cannot be an (S,s) equilibrium in which all sellers reset their prices
to S < Q because then an individual seller would want to deviate and reset its price to Q. The
resolution of this tension is an equilibrium in which sellers randomize with respect to their reset
price: a (Q,S,s) equilibrium. As it is clear from the discussion above, the economic force that
rules out an (S,s) equilibrium and asks instead for a (Q,S,s) equilibrium is exactly the same force
that, absent menu costs, rules out a unique price equilibrium and asks instead for an equilibrium
with price dispersion. Namely, a search process in which the fraction « of captive buyers and the
fraction 1 —« of non-captive buyers are both strictly positive.

3.4. Divisible good

While the analysis of equilibrium is simplest under the assumption that the good is indivisible
and buyers demand a single unit, for some applications it may be more realistic or more useful
to assume that the good is divisible and buyers demand multiple units. To this aim, we consider
an environment in which buyers have the utility function u(x,y) =x17Y /(1 =y)+y with y > 1,
where x are units of the goods purchased in the market with search frictions and y are units of
a numeraire good with a nominal price of 1/u(t). Buyers can either acquire the frictional good
from a seller or they can home-produce it. In particular, buyers have access to a home-production
technology that allows them to transform the numeraire good into the frictional good at the rate
of Q to 1. The assumption, borrowed from [Kaplan and Menzid (201€), pins down the buyer’s
reservation price.

Under these assumptions, a buyer who finds a lowest real price of p € [0, Q] purchases p— /¥
units of the frictional good. A buyer who finds a lowest price of p > Q does not purchase the
frictional good and instead home produces Q~!/? units of it. The buyer’s optimal purchasing
strategies implies that a seller with a real price of p €[0, Q] enjoys a flow profit R(p) equal to
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bla+2(1—a)(1 —F(p))]pe, with 6 =(y —1)/y. A seller with a real price of p > Q enjoys a flow
profit of zero. Overall, the only difference between the divisible and the indivisible good model
is the 6 in the flow profit function.

In Appendix E, we generalize many of the results derived for the indivisible good model
in Sections and B3] to the case of a divisible good. In particular, we show that a (Q,S,s)
equilibrium exists if and only if the menu cost is not too large, and it is such that both search
frictions and menu costs contribute to price stickiness. We also show that an (S,s) equilibrium
does not exist if the menu cost is small enough.

4. DEFLATION

In the previous section, we characterized the equilibrium set in the case of positive inflation. We
found that, when menu costs are small enough, the unique equilibrium is such that sellers follow
a (Q,S,s) pricing rule. In this section, we turn our attention to the case of negative inflation (i.e.
deflation). We show that, also in this case, the equilibrium is such that sellers follow a (Q,S,s)
pricing rule when menu costs are small. However, while in the case of inflation a (Q,S,s) rule
involves sellers randomizing over the new price they set after paying the menu cost, in the case
of deflation a (Q,S,s) rule involves sellers randomizing over the price at which they pay the menu
cost.

4.1. Definition of (Q,S,s) Equilibrium

We begin by defining a (Q,S,s) equilibrium in the case of deflation. In a (Q,S,s) equilibrium with
deflation, each individual seller lets the real value of its nominal price drift up until it reaches
some point S € (0, Q). At this point, the seller pays the menu cost with probability x(S). If the
seller pays the menu cost, it resets the real value of its price to some s € (0, S). Otherwise, the seller
lets the real value of its nominal price drift further. When the real value of the price is p € (S, Q),
the seller pays the menu cost at the rate i(p) and resets the price to s. When the real value of the
nominal price reaches Q, the seller pays the menu cost with probability 1[0 We denote as F the
distribution of the real value of nominal prices across all sellers in the market. We find it useful
to define p(¢) as se™"!, Ty as —log(S/s)/m and T, as —log(Q/S)/m.

In a (Q,S,s) equilibrium the seller is willing to pay the menu cost when its price is anywhere
between S =p(7T71) and Q=p(T +T3). This is true only if

R(p(1))=r(V*—c),Vte [T, T1 +T>]. (25)

The left-hand side is the marginal benefit of waiting another instant to pay the menu cost and the
right-hand side is the marginal cost. Condition (23) then states that the seller is willing to pay the
menu cost anywhere over the interval [S, Q] only if marginal cost and benefit are equated. The
condition is also sufficient if

R(p() = r(V*—c), ¥t €[0,T1]. (26)

11. The description of equilibrium imposes quite a bit of structure, in the sense that it assumes that sellers with a
real price of S pay the menu cost with some positive probability x (S) and that sellers with a real price of p € (S, Q) pay
the menu cost at some rate 4(p). The assumption is without loss in generality, as it is straightforward to verify that there
is no other randomization process that can make the seller’s present value of profits constant over the interval [S, Q].

12. To be precise, sufficiency also requires R(p(r)) <r(V* —c) for t > T +T. This inequality is implied by the fact
that R(p)=0 for all p> Q.
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In a (Q,S,s) equilibrium, when the seller pays the menu cost, it wants to reset its value to
s=p(0). This is true only if

R(p(0))=rV*. (27)

If R(p(0)) > rV*, the seller would be better off choosing a nominal price with a real value smaller

than s. If R(p(0)) < rV*, the seller would be better off choosing a nominal price with a real value

greater than s. Only if R(p(0)) =rV*, the seller finds it optimal to choose a nominal price with a
real value of 5. Condition @7 is also sufficient if[

V(0) = V*, (28)
V(t) < V*Vte[0,Tq]. (29)

The distribution of prices across sellers, F, is stationary if and only if

—nF'(p)pdt=H(S)dt, Vp e (s,S), (30)
—nF'(p)pdt=H(p)dt, ¥pe(S,0Q), 31
where
0
H(p)= / hx)F' (x)dx—nF'(Q)Q—1[p=SI7F' (S—)Sx(S). (32)
p

The left-hand side of BO)—-GI is the flow of sellers out of the interval [s,p] over an arbitrarily
short period of time of length dr. The right-hand side is the flow of sellers into the interval [s, p].
The boundary conditions associated to the differential equations (30) and (1) are

F(s)=0, F(S—)=F(S+), F(Q)=1. (33)
We are now in the position to define a (Q,S,s) equilibrium

Definition 3. A stationary (Q,S,s) equilibrium is a cumulative price distribution F:[s,Q]—
[0, 1], a cumulative price adjustment rate H : [S, Q] — R, a pair of prices (s,S) with0 <s < S < Q,
and a maximized present value of seller’s profits V* that satisfy the optimality conditions (23)—(29)
and the stationarity conditions (3Q)—(G3).

4.2.  Existence and properties of (Q,S,s) Equilibrium

We now solve for the equilibrium objects when sellers follow a (Q,S,s) pricing rule and find
necessary and sufficient conditions under which these objects constitute an equilibrium. For

13. To be precise, one would also have to check that V() < V* for all  <0. However, this is a direct implication of
the necessary condition 7V (0)=R(p(0)) and of the fact that R(p) < R(s) for all p <.

14. It is easy to verify that the (Q,S,s) equilibrium defined below and the associated (S,s) equilibrium are the only
possible equilibria in the family of equilibria where sellers follow a symmetric pricing strategy such that: (1) the seller
pays the menu cost only when the real value of the nominal price reaches a point randomly drawn from a distribution
with support [A, B]; (2) the seller resets the nominal price so that its real value is randomly drawn from a distribution with
support [C, D].
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t=Ti +T>, the optimality condition @3) implies R(Q)=r(V* —c). Since R(Q)=baQ, we can
solve this equation with respect to V* and find

V*=baQ/r+c. (34)

Fort e [T, T, +T>], the optimality condition 23) implies R(p) =r(V* —c). Since R(p) is given
by bla+2(1 —a)(1 —F(p))]p and V* is given by (34), we can solve the equation with respect to
F and find

0-p

== VpelS, 0l (35)
p

Fo=1-30"0

The stationarity condition (3Q) is an equation for the derivative of the price distribution F over
the interval (s, S). Integrating and using the boundary conditions F(s)=0 and F(S—)=F(S+),

we find
o Q-—S]logp—logs
2(1—a) S :| logS—logs’
The stationarity condition (3I) is an equation for the derivative of the price distribution F
over the interval (S, Q). Using the fact that F is given by (B3), we can solve (3I)) with respect
to the rate h(p) at which sellers pay the menu cost when their real price is p € (S, Q) and for the
probability x(S) at which sellers pay the menu cost when their real price is S. We find that the
rate h(p) is given by

F(p)=|:1— Vpels,S]. 36)

h(p)=—m,Vpe(S,0). (37)
The probability x(S) is given by

3 « 0 o« 0-S 1 17!
X(S)_l_[z(l—aﬁ}[(1_2<1—a> S >1og(S/s>} ‘ %)

Finally, we need to solve for s and S. The optimality condition 7)) states that R(s)=rV*.
Since R(s)=b(2—a)s, we can solve the equation with respect to s and find

aQ+rc/b
s=—.

2—a (39)

The optimality condition (28) states that the present value of profits for a seller with a real price
of s=p(0) is equal to V*. After substituting out F and V*, we can rewrite (28)) as one equation
with respect to S. That is,

o= _[ (r+7) TS S

| — o (rHTi(S) 1 —e—rTi() c
| |@ws— | ———— a0 - =0,
p

1—e—<’+”>T'<S)(1+(r+n)T1(S))} Q2-a)S—aQ s
(40)

r+m

where |
T1(S)=— og(S/s)’ o er—i—rc/b.
T 2—a
The theorem states that the objects above constitute a (Q,S,s) equilibrium if and only if
¢(Q) > 0. The theorem also provides a characterization of the seller’s present value of profits,
V(¢), and of the seller’s flow profit, R(p). The proof of the theorem is nearly identical to the proof
of Theorem 1 and is omitted.
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Theorem 5. A (Q,S,s) equilibrium exists iff o(Q) > 0. If a (Q,S,s) equilibrium exists, it is unique
and: (I) V(1) <0 for all te(O T1) and V'()=0 for all te(T\,T1 +T); (2) R/(t)>0for all
t€(0, T), R(t)<O for all te(T,Ty) and R'(t)=0 for all t€(T;, Ty +T), where R(t)=R(p(1))
and T € 0, T)).

It is immediate to verify that the condition for existence of a (Q,S,s) equilibrium is satisfied
when c is small enough. It is also possible to show that an (S,s) equilibrium does not exist when c is
small enough. The intuition behind these findings is the same as in the case of inflation. Because of
search frictions, equilibrium requires prices to be sufficiently dispersed. However, when the menu
cost is small, there would not be enough price dispersion if sellers were to follow an (S,s) rule as s
and S would be too close to each other. Hence, when the menu cost is small, equilibrium requires
sellers to switch to a (Q,S,s) rule which creates some additional price dispersion (and, indirectly,
additional price stickiness). The main difference between the (Q,S,s) equilibrium with inflation
and deflation is the origin of this extra price dispersion. With inflation, extra price dispersion is
generated by sellers randomizing over the new price they choose after they pay the menu cost.
With deflation, extra price dispersion is generated by sellers randomizing over the time at which
they pay the menu cost.

The difference in the nature of the (Q,S,s) rule is reflected in the different features of
equilibrium. With deflation, the present value of profits is decreasing as the real price drifts
from s to S and it remains constant at its minimum as the price drifts from S to Q. With inflation,
the present value of profits is first constant at its maximum and then strictly decreasing. With
deflation, the flow profit rises, reaches its maximum and then falls as the price drifts from s to S,
and it remains constant to its minimum as the real price drifts from S to Q. With inflation, the flow
profit is at first constant, then it rises to its maximum and falls to its minimum. With deflation as
with inflation, the density of the price distribution is log-uniform over [s,S] and such that flow
profits are constant over [S, Q]. Moreover, the density has a discontinuity at § which guarantees
that the highest flow profit is attained in the [s,S] interval. With deflation the discontinuity is
caused by a fraction of sellers who pays the menu cost as soon as the real price reaches S. With
inflation the discontinuity is caused by a fraction of sellers who reset the price to S after they
pay the menu cost. With deflation, the density required to keep the flow profit constant in [S, O]
is created by the rate at which sellers pay the menu cost. With inflation, it is created by the
distribution of new prices.

Finally, let us explain why the (Q,S,s) pricing rule involves randomization over new prices
with inflation and randomization over exit prices with deflation. In any region [A, B] where sellers
randomize, the density F’(p) has to keep the flow profit constant. Note that the derivative of this
density F’'(p) is lower than the derivative of the density U’(p) of a log-uniform distribution with
U'(p)=F'(p). The density of a log-uniform distribution is important because it is the distribution
that would emerge if sellers neither exited from nor directly entered in the interior of the interval
[A, B]. With deflation, prices drift to the right. Hence, F’'(p) < U’(p) for all p € (A, B) given that
U is a log-uniform distribution with U’(A+)=F’(A+). This condition for F’(p) can only be
satisfied if some sellers exit as they drift from A to B. With inflation prices drift to the left.
Hence, F'(p) > U’(p) for all p€(A,B) given a log-uniform distribution with U'(B—)=F'(B—)
This condition for F/(p) can only be satisfied if some sellers enter directly in the interior of (4, B).

5. INFLATION AND WELFARE

In this section, we study the effect of inflation on welfare when sellers follow a (Q,S,s) pricing
rule. We find that inflation always leads to higher prices and lower welfare. This is in contrast

with [Bénabou (1988) and [Diamond (1993) who study the welfare effect of inflation in models
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similar to ours except for the fact that sellers follow an (S,s) rule and who find that inflation tends
to lower prices and a positive rate of inflation may maximize welfare.

We consider a version of the model with entry and exit of sellers. We assume that sellers can
enter the market by paying the cost C > 0. After entering the market, sellers set their nominal
price, trade with buyers and occasionally pay the menu cost until they exit, an event which takes
place at the rate § > 0. A fixed measure of buyers enters the market in every interval of time of
length dr. A fraction (7))« of buyers contacts 1 seller and a fraction A(7)(1 — &) contacts 2 sellers,
where A is a matching probability increasing in the seller—buyer ratio t. The matching probability
A captures the idea that, if the seller—buyer ratio increases, it is easier for a buyer to find a seller.
We denote as mdt the exogenous measure of buyers and as ndt the endogenous measure of sellers
entering the market in an interval of time of length df. We denote as b(t)=A(t)/t the ratio of
buyers with at least one contact to sellers and assume b to be strictly decreasing in 7. We focus
on the stationary equilibrium of the model as § — 0, so that we can approximate the equilibrium
objects with those derived in Section [l

We measure welfare W as the sum of the lifetime utility of buyers and sellers entering the
market during any interval of time of length dt, that is

W =m(t)dt[e (Q—E1p)+(1 —a)(Q—Eap)l+ndt[V* —C], (1)

where E1p= [pF'(p)dp and Eop= [ p2(1 — F(p))F’(p)dp. The first term in @I) is the expected
lifetime utility of buyers entering the market. There are mdt buyers entering the market. With
probability aA(7), an entering buyer enjoys an expected utility of Q—E p, where Ep is the
average price when the buyer contacts 1 seller. With probability (1 —«)A(7), an entering buyer
enjoys an expected utility of Q —E;p, where Eyp is the average price when the buyer contacts
two sellers. The second term in [@IJ) is the expected lifetime utility of sellers entering the market.
The measure of sellers entering the market is ndt. Each seller pays the cost C and then enjoys a
lifetime utility of V*. Note that, since we evaluate welfare at a stationary equilibrium, measuring
welfare as the lifetime utility of entrants in the current period is the same as measuring welfare
as the sum of lifetime utilities of entrants in the current and future periods.

Itis clear from (@T)) that higher inflation increases (reduces) welfare if it leads to lower (higher)
prices without affecting too much the buyer’s matching probability A(7). In fact, if higher inflation
leads to a decline in prices without lowering too much A(7), the lifetime utility of buyers increases.
If higher inflation leads to an increase in prices without raising A(t) too much, the lifetime utility
of buyers falls. In contrast, inflation does not affect the lifetime utility of sellers because free
entry guarantees that V* = C and, hence, the second term in @I is always equal to zero.

Now, let (t1,F1,Gy,s1,51, Vf ) denote the (Q,S,s) equilibrium when the inflation rate is 7|
and let (1, F7,Ga,52,52, Vi") denote the (Q,S,s) equilibrium when the inflation rate is mp, with
0 <m <m <. First, note that 7; is the same in both equilibria. In fact, the free entry condition
Vi =C and the equilibrium seller’s maximized profit V; =b(z;)aQ/r imply 7;=rC/(aQ) for
i={1,2}. Intuitively, since the inflation rate does not affect the seller’s maximized profit, it does
not affect the entry decision of sellers and, in turn, the seller—buyer ratio. Second, note that
the lowest price s; is the same in both equilibria. In fact, the optimality condition @Q) implies
si=r(V*/b(tj)—c/b(1;))/(2—«a) fori={1,2}. Since the inflation rate affects neither V* nor b, the
lowest price is the same in both equilibria. Third, note that §1 < S5. In fact, Theorem 2 establishes
that, for a given b, S is strictly increasing in 7.

We are now in the position to measure the effect of inflation on the price distribution F'. For
any p €[s,S1], the difference F»>(p)— F1(p) is given by

 a Q—Sz]log(p/S)_[l_ o Q—Sl:|10g(17/s)
21—a) S5 |log(Sa/s) 21—a) S |log(Si/s)’

FZ(P)—FI(P)=|:1 (42)
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For any p € [S1, 5], the difference F,(p) — F1(p) is given by

[, a 0-S7logp/s) [« Q0-p
FZ(”)_FI(”)_[I 21-0) 5 ]log(Sz/S) [1 21—a) p ] @
For any p €[S2, O], the difference F>(p) — F1(p) is given by
Fr(p)—F1(p)=0. (44)

It is easy to show that (42)) is strictly negative for all p € (s,S1]. To see this, note that @2) can
be written as the integral for S going from S to S, of the derivative with respect to S of F(p) in
(I&). This derivative has the same sign as «Q(1+1og(S/s)) — (1 —a)S, which is strictly negative
for any S in [S7,S,]. Similarly, it is easy to show that (@3) is strictly negative for all p € [S7,S7).
Everywhere else F — Fp is zero. Overall, F; first order stochastically dominates F;. Therefore,
the average prices [E{p and Ep paid by buyers who sample respectively 1 and 2 sellers are strictly
greater under F than F. It then follows from (£1)) that welfare is strictly lower when the inflation
is 7w than mg.
Our findings are summarized in the following theorem.

Theorem 6. For any inflation rates w1,7m €(0,7) with | <y, the price distribution F is
higher and welfare W is lower in the (Q,S,s) equilibrium associated with w, than in the (Q,S,s)
equilibrium associated with 1.

The intuition behind Theorem[@lis simple. Ina (Q,S,s) equilibrium, inflation has no effect on the
sellers’ maximum profit for a given seller—buyer ratio. This observation implies that inflation has
no effect on t and, in turn, on the buyers’ matching probability A(t). The observation that inflation
has no effect on the sellers’ maximum profit also implies that, while higher inflation increases
the resources spent by sellers to change their price, the increase in expenditures is passed by
the sellers to the buyers through higher prices. Overall, higher inflation only raises prices and,
hence, lowers welfare. Theorem [@ stands in contrast with [Bénabou dl_%ﬂ) and [Diamond dlﬂﬂ)
who show that welfare may be maximized at a strictly positive inflation rate in models where all
buyers are captive and, hence, sellers follow a standard (S,s) rule. Indeed, in an (S,s) equilibrium,
higher inflation typically lowers the sellers’ maximum profit. For this reason, the seller—buyer
ratio T and, in turn, the buyers’ matching probability A(t) tends to fall. For the same reason,
sellers pay the menu cost at a lower s and, in turn, the stationary price distribution falls. As long
as the decline in t does not affect A(7) too much, inflation increases welfare. If A(7) is a concave
function, welfare is typically hump-shaped in inflation.

In our model, equilibrium is such that sellers follow a (Q,S,s) rule when inflation is relatively
low and an (S,s) rule when inflation is relatively high. In the (Q,S,s) region, welfare is strictly
decreasing ininflation. In the (S,s) region, welfare is typically hump-shaped in inflation. Therefore,
the welfare-maximizing inflation rate may either be zero or somewhere in the (S,s) region.
However, for the parametrizations of the model presented in the next section and for a standard
telephone-line matching function[ we find that welfare is maximized at an inflation rate
of zero.

15. The telephone-line matching function is such that A(r)=t/(1+71) and b(t)=1/(1+71).
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Theorem [ generalizes to the version of the model with a divisible good. For this version of
the model, welfare is given by

W =m(T)dt [a (Q9 —E1p6>/9+(1 — )0’ —Ezpe)/e] +ndi[VF—C]. (45)

Just as in the case of an indivisible good, the only effect of inflation in a (Q,S,s) equilibrium is
to increase the stationary distribution of prices F. Therefore, an increase in inflation lowers the
lifetime utility of entering buyers (the first term in @3)), leaves unchanged the lifetime utility of
entering sellers net of the entry cost (the second term in (@3)) and lowers overall welfare. Notice
that, in contrast to the case of an indivisible good, higher prices lower the buyers’ lifetime utility
not only because buyers pay higher prices for the good but also because buyers purchase fewer
units of the good.

6. QUANTITATIVE ANALYSIS

The theoretical analysis revealed two key differences between a (Q,S,s) equilibrium and a standard
(S,s) equilibrium. First, in a (Q,S,s) equilibrium, both search frictions and menu costs contribute
to the stickiness of nominal prices, while in an (S,s) equilibrium only menu costs do. Second, in
a (Q,S,s) equilibrium, inflation increases prices and lowers welfare, while in an (S,s) equilibrium
this need not to be the case. These findings suggest that the effect of an unanticipated monetary
injection and the effect of an increase in the growth rate of money depend on whether sellers
follow a (Q,S,s) or an (S,s) rule. In this section, we bring our model to the data to find out what
type of equilibrium prevails and to measure the relative contribution of search frictions and menu
costs to price stickiness. The quantitative analysis in this section is exploratory, as our model is
too stark to capture all features of the data. Nevertheless, we believe that our findings are still
informative as back-of-the-envelope calculations.

The parameters to calibrate are the real interest rate, r, the inflation rate, 7, the arrival rate
of buyers, b, the fraction of captive buyers, «, the buyer’s valuation of the good, Q, the seller’s
menu cost, ¢, and the seller’s cost of producing the good, k (which we had previously set to
zero to keep the algebra simpler). We set the real interest rate r to 5% and the inflation rate
to 3% We note that the equilibrium objects S and s increase by a factor A and the location of
the equilibrium distributions F and G shifts by a factor A whenever the parameters Q, k and ¢
increase by A Hence, we can normalize the buyer’s valuation Q to 1. Further, we note that the
equilibrium objects F, G, S and s depend on ¢ and b only though their ratio ¢/ b Hence, we can
normalize the inflow of buyers b to 1 and interpret the seller’s menu cost as a fraction of b. We
set k to be equal to 60% of Q, a value which generates markups around 10% in our benchmark

16. We choose 5% for r, as this is a common choice for the real interest rate. We choose 3% for 7, as this is close
to the aggregate rate of inflation over the period 1998-2014, from which the data on the duration of prices and on the
dispersion of prices is collected. Using alternative targets for  and 7 does not significantly affect our findings.

17. Formally, the following homogeneity property holds: Let (F,G,s,S,V*) be a (Q,S,s) equilibrium given the
parameters Q, k and c. Then, for all A >0, (F,G,&,S, \7*) is a (Q,S,s) equilibrium given the parameters AQ, Ak and Ac,
where F(Ap)=F(p), G(Ap)=G(p), §=As, S=AS, and V* =AV*. An analogous property holds for an (S,s) equilibrium.

18. Formally, the following homogeneity property holds: Let (F,G,s,S,V*) be a (Q,S,s) equilibrium given the
parameters b and c. Then, (F,G,s,S,V*) is a (Q,S,s) equilibrium given the parameters Ab and Ac, for all A>0. An
analogous property holds for an (S,s) equilibrium. The intuition for these properties is straightforward. The seller’s
objective function is an integral of flow revenues that are premultiplied by b and an occasional menu cost payment c.
Dividing the objective function by b, we obtain a new objective function which depends only on ¢/b. Clearly, the new
objective function has the same solution as the original one.
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calibration[J Finally, we calibrate o and ¢ to match empirical measures of price dispersion and
price stickiness.

[Nakamura and Steinssord (2008) measure price stickiness for consumer goods using the
Bureau of Labor Statistics microdata underlying the Consumer Price Index. During the 19982005
period, they find that the average duration of nominal prices is 7.7 months if sales and product
substitutions are included in the data, and 13 months if sales and substitutions are excluded.
[Kaplan er a/] ©01€) measure price dispersion for consumer goods using the Kielts-Nielsen
Homescan Dataset. They measure the standard deviation of prices for the same item (defined
by its Unique Product Code) in the same market (defined as a Scantrack Metro Area) in the same
week. They find that the average standard deviation of prices is 15%. They break down the price
of each good at each store into a store component and a store-good component, and estimate an
ARMA process for each of the two components. The estimation reveals that the variance of the
store component accounts for 15.5% of the overall variance of the price, while the variance of
the store-good component accounts for the remaining 84.5%. The estimation also reveals that
36% of the variance of the store-good component is due to persistent differences and 64% is due
to temporary differences in the store-good component of prices, the latter presumably reflecting
sales.

Since there are no temporary sales and product substitutions in our model, it is natural to
target measures of average price duration computed excluding sales and substitutions. Since our
model abstracts from sellers’ heterogeneity and temporary sales, it is natural to target the fraction
of price dispersion caused by persistent differences in the store-good component of prices, and
exclude the fraction of price dispersion caused by differences in the store component of prices
(which presumably are due to differences among sellers) and by temporary differences in the
store-good component of prices (which presumably are due to temporary sales). Therefore, the
baseline calibration targets are 13 months for price duration and 8.2% for the standard deviation
oflog prlces. Since different products feature very different price stickiness and price dispersion
(see, e.g.,[Nakamura and Steinsson, [2008 and[Kaplan and Menzid,[2019), it is natural to consider
some alternative calibration targets.

Before turning to the outcome of the calibration, it is useful to explain why price stickiness
and price dispersion identify both search frictions (i.e. the parameter ) and menu costs (i.e. the
parameter c). First, consider a pure menu cost version of the model—i.e. a version of the model
in which, since o =1, sellers follow an (S,s) rule and the menu cost is the only cause of price
stickiness. In a pure menu cost model, the distance between s and Q uniquely pins down the
distribution of prices and, in turn, the standard deviation of log prices across sellers (i.e. price

19. The empirical literature on markups has not reached a consensus on the magnitude of the ratio between price
and marginal cost. W @) find gross markups between 0.66 and 1.32 depending on the sector and use
of instrumental variables. They conclude that the typical industry has small markups over marginal cost. [Klettd @)
reaches a similar conclusion using a different estimation technique.mkgr_a,n_dﬂa;umki M) find gross markups
between 1.03 and 1.22 depending on the estimation strategy. In our benchmark calibration, the markup is 10%. When
we target a higher (lower) markup, the calibrated value of the menu cost and its contribution to price stickiness falls
(increases).

20. Footnote 5: The standard deviation of the price of the same good across different sellers in the same market
and in the same week is 15%, which implies a variance of 2.25%. The fraction of the variance that is due to variation in
the store component of prices is 15.5%. The fraction of the variance that is due to variation in the transitory part of the
store-good component of prices is 64% of the remaining 84.5%. The variance that is due to variation in the persistent
part of the store-good component of prices—which we argued is the proper target for our model—is 36% of 84.5% of
2.25%. This is approximately equal to a variance of 0.68% or, equivalently, a standard deviation of 8.2%.
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std

FIGURE 3

Price dispersion and price stickiness.

Notes: Standard deviation of log prices and average duration of prices in years. Solid curve: pure menu cost model (o =1). Long-dashed
curve: pure search model (¢ — 0). Short-dashed curve: search model with menu cost of 0.01. All models computed with 7 =3% and r =5%.
Search models computed with k=0.6

dispersion) and the average duration of the price of an individual seller (i.e., price stickiness)
For s=Q, price dispersion and price stickiness are both zero. As we lower s, dispersion and
stickiness both increase. The solid curve at the top of FigureBlis the locus of price dispersion and
price stickiness generated by the menu cost model as we go from s=Q to s— 0.

Next, consider a pure search friction version of the model—that is, a version of the model in
which c is arbitrarily small and, hence, search frictions are the only cause of price stickiness. In
a pure search friction model, the fraction « of captive buyers is the unique determinant of both
price dispersion and price stickiness. For o =0, the equilibrium price distribution is degenerate
at the competitive price and, hence, dispersion and stickiness are both zero. As we increase «,
the equilibrium price distribution starts to spread out and, hence, dispersion and stickiness both
increase. As o converges to 1, the equilibrium price distribution converges to the monopoly price
and, hence, dispersion and stickiness converge back to zero. The long-dashed curve at the bottom
of Figure[Blis the locus of price dispersion and price stickiness generated by the pure search model
aswe go froma=0toa=1.

In general, the pure menu cost model and the pure search friction model cannot simultaneously
match the targets for price dispersion and price stickiness. To match these targets, we generally
need a particular combination of menu costs and search frictions. By increasing the menu cost c,
the locus of combinations of price dispersion and price stickiness generated by the search friction
model shifts monotonically up towards the solid blue curve (see the short-dashed curve line in
Figure ). By finding the manifold that passes through the targets for price dispersion and price
stickiness, we identify the menu cost c¢. By finding the point on the manifold that matches the
targeted combination of price dispersion and price stickiness, we identify the fraction of captive
buyers «.

To understand the results our calibration, it is sufficient to look at Figure [] again. When
the pure menu cost model is asked to match the average price dispersion observed in the data
(which net of the store component of prices and of temporary sales is 8.2%), it generates a price

21. This statement applies to all models in which sellers follow an (S,s) rule, as in all of these models the distance
between the upper and the lower bound of the distribution is the sole determinant, together with inflation, of price
dispersion and price stickiness.
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TABLE 1
Calibration targets and outcomes, basic model

Calibration targets (1) 2) 3) “4)
Standard deviation of prices 8.2% 8.2% 5.5% 5.5%
Average duration of prices 13 mo. 24 mo. 13 mo. 24 mo.
Calibration outcomes (1) 2 (3) “4)
Captive buyers o 7.9% 8.5% 2.9% 2.9%
Menu cost ¢ 0 0.12% 0.16% 5.6%
Contribution of ¢ to stickiness (D 2) 3) “4)
Counterfactual with c=0 0% 2% 7% 50%
Counterfactual with =1 0% 8% 15% 50%

duration of almost 5 years, while price duration in the data is on average 13 months. In other
words, the pure menu cost model generates four times more price stickiness than in the data
when required to match the empirical price dispersion. In contrast, when the pure search model is
asked to match the empirical dispersion of prices, it generates a price duration of approximately
1.5 years. That is, a model with search frictions alone can produce roughly the right amount
of price stickiness when required to match the empirical price dispersion. For some choices of
calibration targets, the pure search model generates a little more stickiness than in the data. In
these cases, the best fit of the model to the data is achieved by setting the menu cost to zero. For
other choices of calibration targets, the pure search model generates a little less stickiness than in
the data. In these cases, the best fit of the model to the data is achieved with a small, positive menu
cost.

In Table[Il we report the outcomes of the calibration for four different combinations of targets.
In column 1, we target the average standard deviation of prices of 8.2% and the average price
duration of 13 months. Given these targets, the estimated fraction of captive buyers is 8%, the
estimated menu cost is 0, and the equilibrium is such that sellers follow a (Q,S,s) rule with s =S as
in[Head ef gl (M). If we target a below-average standard deviation of prices and/or an above-
average duration of prices, the estimated menu cost is positive. If we target the average price
dispersion of 8.2% and an above-average price duration of 24 months (column 2), the estimated
menu cost is 0.12%, which is equal to 3.5% of the annuitized present value of seller’s profits. If
we target a below-average price dispersion of 5.5% and the average price duration of 13 months
(column 3), the estimated menu cost is 0.16%. If we target a below-average price dispersion of
5.5% and an above-average price duration of 24 months (column 4), the estimated menu cost is
5.6%. In all these calibrations, the equilibrium is such that sellers follow a (Q,S,s) rule. Therefore,
an increase in inflation is—at least locally—welfare decreasing.

Next, we measure the contribution of menu costs and search frictions to price stickiness. We
consider two alternative metrics. The first metric is the complement to 1 of the ratio between
the counterfactual average duration of prices when the menu cost ¢ is set to 0 and the actual
duration of prices. The second metric is the ratio between the counterfactual average duration
of prices when the fraction of captive buyers « is set to 1 and the actual average duration of
prices. This is a measure of the contribution of menu costs to price stickiness because search
frictions do not create any price stickiness when « = 1. For both metrics, the contribution of search
frictions to price stickiness can be recovered as the fraction that is not accounted for by menu
costs.
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In the benchmark calibration, the estimated menu costs are zero and so is their contribution to
price stickiness. In the high-duration calibration (column 2), the estimated menu costs are positive
and their contribution to price stickiness is equal to 2% when measured as the complement to 1
of the ratio between price stickiness with ¢=0 and actual price stickiness and it is equal to 8%
when measured as the ratio between price stickiness with ¢ =1 and actual price stickiness. In
the low-dispersion calibration (column 3), the two measures of the contribution of menu costs to
price stickiness are 7% and 15%, respectively. In the low-dispersion, high-duration calibration
(column 4), the two measures of the contribution of menu costs to price stickiness are both equal
to 50%.

The main take-away of Table 1 is that both search frictions and menu costs contribute to
price stickiness, although search frictions appear to be relatively more important. This suggests
that theories of price stickiness that abstract from search frictions—for example m

)—are likely to overestimate the magnitude of menu costs and, in turn, the importance
of nominal price rigidity in the transmission of monetary policy shocks to the real side of the
economy. Similarly, theories of price stickiness that abstract from menu costs—for example
m M)—are likely to underestimate the importance of nominal price rigidities as a
channel of transmission of monetary policy.

Our model is very simple and the quantitative findings in this section should be taken with
a grain of salt. Indeed, our model makes two obviously counterfactual predictions. First, the
model predicts a price distribution with a decreasing density, while in the data the typical price
distribution is hump-shaped (see, e.g.,[Kaplan and Menzid,[2013). The discrepancy is somewhat
superficial as the model is meant to capture only the dispersion in the store-good component
of prices and not the overall dispersion of prices. Second, the model predicts a distribution of
price changes with two modes at (S —s)/s and (Q —s)/s and, most importantly, no negative price
changes. In the data, the distribution of price changes is hump-shaped and 30% of price changes
are negative (see, e.g., [Klenow and Kryvtsoy, 2008 or [Alvarez ez afl, 2016). The fact 30% of
price changes are negative suggests that sellers change their price for reasons other than keeping
up with inflation. And if sellers have reasons to change their price that are not included in the
model, our calibration will underestimate the magnitude of the menu cost and its contribution to
price stickiness.

There are two approaches to address the issue of negative price changes. The first approach
is to develop and calibrate a version of the model in which sellers face idiosyncratic shocks that
sometime induce them to reduce their nominal price. In an earlier version of the article, we pursued
this approach and found a larger contribution of menu costs to price stickiness (albeit often still
smaller than the contribution of search frictions). The second approach is to calibrate the model to
a high-inflation economy where the predominant reason for changing prices is keeping up with the
aggregate price level and the fraction of negative price changes is typically quite small. We pursue
this approach by calibrating the model to Israel during the period 1978-1979. [Lach and Tsiddon

) document that in this period inflation in Israel was 3.9% per month, average price duration
was 2.2 months and price dispersion was 16%. Most importantly, they show that the fraction of
negative price changes was only 5%. We calibrate the model to the inflation, price stickiness and
price dispersion reported by [Lach and Tsiddon (1992) under the additional assumptions that the
fraction of price dispersion caused by differences in the store-good component of prices was the
same as in the U.S. and that the markup was 10%. We find that the contribution of the menu cost
to price stickiness is larger than in the baseline calibration for the U.S., but still smaller than the
contribution of search frictions. Specifically, the contribution of the menu cost to the observed
duration of prices is 43% if measured using the ¢ =0 counterfactual or 40% if measured using
the @ =1 counterfactual.

Downl oaded from https://academ c. oup. com restud/ articl e-abstract/85/2/892/ 4084589

by guest
on 09 April 2018



BURDETT & MENZIO THE (Q.S,s) PRICING RULE 919

7. CONCLUSIONS

The paper studied the properties of equilibrium in a version of the search-theoretic model of
price dispersion of [Burdett and Judd (1983) in which sellers face a menu cost to adjust their
nominal price. We showed that, when the menu cost is small, equilibrium is such that sellers
follow a (Q,S,s) pricing rule. According to this rule, a seller lets inflation erode the real value of
its nominal price until it reaches a point s, then pays the menu cost and resets the nominal price
so that its real value is a random draw from a distribution with support [S, Q]. When the menu
cost is large, equilibrium is such that sellers follow a standard (S,s) rule. In a (Q,S,s) equilibrium
both search frictions and menu costs contribute to price stickiness, while in an (S,s) equilibrium
only menu costs do. In a (Q,S,s) equilibrium inflation always increases prices and lowers welfare,
while in an (S,s) equilibrium this is typically not the case. In all our calibrations, the equilibrium
involves (Q,S,s) pricing and search frictions are the main source of nominal price stickiness.
These findings may be important to further our understanding of the effects of monetary policy
on the real side of the economy and on welfare.

APPENDIX
A. PROOF OF THEOREM 1

(i) Part (i) of Theorem 1 states that a (Q, S, s) equilibrium exists if and only if ¢(Q) > 0. The function ¢(S) is defined as

o) E[ 1—e= 0D (1 4 (r4-7)T2(S)) ] 2—a)S—aQ

(r4m)? T2(S)
(A1)
TS
+[162]ag+err2<s><“9_0>_0@:0,
r+mw r b r
where

log(S —re/b

Ty(s)= 088/ - _«Q=re/b (A2)

T 2—«

It is straightforward to verify that ¢(S) has the following properties: (1) ¢(S) <0 for all S € [s,aQ/(2—a)]; (2) ¢'(S) >0
for all S €[s, Q].

Suppose that ¢(Q) <0. Then a (Q, S, s) equilibrium does not exist. On the way to a contradiction, let (F,G,S,s,V) be
a(Q,S,s) equilibrium. As proved in Section[l if (F,G,S,s,V)isa(Q,S,s) equilibrium, then S must be a solution to the
equation ¢(S)=0 and it must belong to the interval (s, S). However, ¢(S)=0 cannot admit any solution in the interval
(s, Q) because ¢(S) <0 for all Se(s,Q).

Conversely, suppose that ¢(Q)> 0. Then, the equation ¢(S)=0 admits at most one solution in the interval (s, Q)
because ¢(s) <0 and ¢(Q) <0 and ¢(S) is strictly increasing in S. Let S* denote this solution. Let s* be defined as in
equation @0) for S=S5*. Let F* be defined as in equations ([3) and ([&) for S =S5* and s=s*. Let G* be defined as in
equations (T3 for S=S5* and s=s*. Let V* be defined as in equation ([d). Moreover, let T} and T3 be defined,
respectively, as log(Q/S*)/m and log(S*/s*)/m and let R(p) be defined as in @ for F=F*. To prove that the tuple
(F*,G*,8*,s*,V*) constitutes a (Q, S, s) equilibrium, we need to verify that it jointly satisfies the optimality conditions
@), @, @), @, and @) and the stationarity conditions (1), {I2), and (I3). In addition, we need to verify that S* € (s*, Q),
s*€[0,Q), F* is a CDF with support [s*, Q] and G* is a CDF with support [S*, Q].

The tuple (F*,G*,S*,s*, V*) satisfies the stationarity condition (II) because, for all p € (s*,5*), we have

F*’(p)pz[l— o Q_S*:| 1

21—a) S* |log(S*/s) a3

=F*(s%)s*.
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Similarly, the stationarity condition (@ is satisfied because, for all pE(S*,0), we have

*/ — g

F (p)pfz(l_a)p
[« o5 ! L« o-s s alog(S*/s%)Q (Ad)
I 20-a) s 21—a) S§* |log(S*/s*) 2(1—a)s*p

=F"(s)(1-G*(p))s™.

Moreover, notice that F* is a continuous CDF with support [s*, Q). In fact, F*(s*)=0, F*(Q)=1 and F* (p) > 0 for all
pels*, Ql. Since F*(S—)=F*(S+), the stationarity condition (I3) is also satisfied.
The tuple (F*,G*,S*,s*, V*) satisfies the optimality condition (8} because

r(V*—c) =baQ—cr
=bla+2(1—a)(1—F*(s*))]s* (AS)
=R(s").
The optimality condition @ is satisfied because, for all z € [0, T]*J, we have

R(Qe ™) =b[a+2(1—a)(1—F*(Qe~™")]Qe™™

(A6)
=baQ=rV*.
The optimality condition (8) is satisfied because ¢(S*) =0 implies
Ti+T5 . .
/ e TTDR(Qe™™ ) dx 4712 (V* — ) — V* =0. (A7)
T
Moreover, $* € (s*, Q) and the assumption ¢ € (0, barQ/r) implies
—rc/b
#=227b 6. 0). (A8)
2—a

The optimality condition (Z) together with the optimality condition () guarantees that the seller’s value V(¢) is equal
to V* for all £ € [0, T}]. Now, we need to verify that the optimality condition (@) That is, we need to verify that the seller’s
value V(t) is non-greater than V* for all t € [T}, T} 4+ T5] To this aim, notice that V(¢) satisfies the differential equation

VO=RO+V' (1),

R(t)=R(Qe™™"). A9

For 1€ [T}, T} +T5), R(t) is given by
k(r):e*w*Ti*)b{(z—a)s* —[@-a)$*—aQ] [1 - %} } (A10)

The derivative of R(r) with respect to ¢ is given by

k’(t):ne’”(”Tﬁb{ [@—a)$*—aQ] [1 + %] —Q2—a)s* } (Al1)

Notice that R’(t) has the same sign as

y -7 (t—T}) y

o()=[2-a)S*—aQ)] 1+W —(2—a)S*. (A12)

It is straightforward to verify that o(r) is strictly decreasing in ¢ for all t€[T},Ty+T5] and that o(T}) is
strictly positive (negative) if (2—w)S* is strictly greater (smaller) than «Q(1+1log(S*/s*)). Therefore, if (2—a)S* >
aQ(1+log(S5*/s*)), k(t) is first strictly increasing and then strictly decreasing over the interval [T},T;+T5]. If
2—a)S* <aQ(1+log(S*/s*)), R() is strictly decreasing for all 1 € [T}, T} +T5]. Notice that R(r) cannot be increasing
for all r [T}, T +T5] because R(T})=baQ and R(T} +T3)=baQ—cr.
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+——

baQ - rc baQ

FIGURE 4
Joint Dynamics of V(¢) and R(t)

Consider the phase diagram in Figure Fl which describes the differential equation (B3). The line passing through
the origin denotes the locus of points (R, V) such that V:R/ r and, hence, V' =0. Any point below the line is such that
V< IA?/r and, hence, V' <0. Any point above the line is such that V > IA?/r and, hence, V' > 0. From (@) and @), it follows
that k(Tf‘):baQ and V(T{)=baQ/r. Hence, the point (k(Tf‘), V(T7)) lies on the line and V'(T})=0. From @@ and
[0, it follows that R(T} +T5) =baQ—cr and V(TF +T5) =baQ/r —c. Hence, the point (R(T +T5), V(T +T})) lies
on the line and V(T +T5)=0.

Now, we want to find the trajectory that the pair (k(t), V(1)) follows as it goes from the point (baQ,baQ/r) at t =T}
to the point (baQ —cr,baQ/r—c) att=T; +T; . Notice that (2—a«)S* must be greater than «Q (1+log(5*/s*)). In fact,
if Q—a)S* <aQ(1+log(S*/s*)), R is strictly decreasing for all # € [T}, T} 4 T5]. As illustrated by the trajectory (a) in
the phase diagram, this implies that (R(t), V(1)) exits the initial point (baQ, baQ/r) from the left, enters the region where
V'(t) >0, and remains in that region for all r € (T, T} +T5). Thus, V(T +T5) > V(T})=baQ/r, which contradicts the
fact that V(T} +T3)=baQ/r—c.

Since (2—a)S* > aQ(1+1log(S*/s*)), R(?) is first increasing and then decreasing over the interval [T}, T} +T5]. As
illustrated by trajectories (b) and (c) in the phase diagram, this implies that (f?(t), V(1)) exits the initial point (baQ,baQ/r)
from the right, enters the region where V'(#) <0, and remains in that region until it crosses the black line either at some
i< T +Tj, as in trajectory (b), or at T} +T5, as in trajectory (c). If (R(1), V(1)) crosses the line at some 7 < T} +T3,
then R/ (1) <0. This implies that V() >0 and k’(t) <Oforallte(7, T +T3). Thus, (k(t), V(1)) cannot reach the end point
(baQ—cr,baQ/r—c). Therefore, the pair (k(t), V(¢)) must follow the trajectory (c). Along this trajectory, V(¢) is strictly
decreasing. Hence, the optimality condition (@) is satisfied. Moreover, along this trajectory, R(t)> r(V*—c). Hence, the
optimality condition @) is also satisfied.

To complete the existence proof, we still need to verify that G* is a CDF with support [S*, O]. To this aim, recall that
G* is given by

. if p<S*,
% 7—1 % %
G*(n)= [, e 0-§ ] alog(S*/s*)Q ) § s
@) 1 [1 —a) 5 W—ap if pe[S*,0), (A13)
b ifp>0.

The distribution function G*(p) has the following properties: (1) G*(p)=0 for all p <S*; (2) G*(S*)>0 if and only if
Q2—a)S* > aQ[1+1og(S*/s*)]; (3) G¥(p) >0 for all pe(S*,Q) if and only if S* >aQ/(2—«a); (4) G*(Q—) <1 if and
only if $* >aQ/(2—a); (5) G*(p)=1 for all p> Q. Therefore, G*(p) is a proper CDF with support [S*, Q] if and only if
S*>aQ/(2—a)and 2—a)S*>aQ[1+1og(S*/s*)]. We have already established that both conditions hold.

(ii) Part (ii) of Theorem 1 states that: (1) V/(1)=0 for all 1 € (0, T}") and V'(r) <0 for all r € (T}, T +T5): (2) R'(1)=0 for
allte(0,T7), R'(t)>0forall te(T*,T)and R'(t) <O forall (T, T{ +T3). Both properties have been established while
proving part (i). II
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B. PROOF OF THEOREM 2

(i) In the proof of Theorem 1, we showed that a (Q, S, s) equilibrium exists if and only if the equation ¢(S,c)=0 admits
a solution for S € (¢Q/(2 —«a), Q). The function ¢(S, ¢) is given by

| 1= RSO (1 4 (r47)T2(S, 0))

@(S,c)= { T 6.0 [2-a)S—aQ]

(B1)
l_ef(r+7r)T2(S,c) _Ty5.0) OlQ ¢ tlQ
*[w}’@“ wo(F-5)- 7
where 7>(S, c) is given by
Tz(S,c):M, s(c):M. (B2)
T 2—a

Let ¢s(S,c) and ¢ (S, ¢) denote the derivatives of (S, ¢) with respect to S and c. The derivative ¢s(S, ¢) is given by

.0 | LR A+ mTS,0) | = llog(S/s(e) ~ +aQ B
e r+n)? log(S/5(c)? '
The derivative ¢.(S,c) is given by
—rT>(S.c) _ ,—(r+m)T2(S.c) _ _
(pC(S,c):—e ; B l1—e (1+§r+n)T2(S,c)) |:(2 o)S a€i| Tr . (B2)
(r+m) blog(S/s(c))* | (2—a)s(c)

It is straightforward to verify that @g(S, c) is strictly positive and ¢.(S, c) is strictly negative for all S € [« Q/(2—«), Q].

Let S*(c) denote the solution to the equation ¢(S, c) =0 with respect to S. For ¢=0, $*(¢) is equal to «Q/(2—w).
Since ¢s(S, ¢) is strictly positive and ¢.(S, ¢) is strictly negative for all § € [« Q/(2— ), O], it follows that $*(¢) is strictly
greater than «Q/(2—a) and strictly increasing for all ¢ > 0. Moreover, there exists a ¢ >0 such that $*(c)=Q. It then
follows that, for all ¢ €(0,¢), S*(c)€ (¢ Q/(2—a),Q) and a (Q, S, s) equilibrium exists. In contrast, for ¢>¢, $*(c)>Q
and a (Q, S, s) equilibrium does not exist.

Let (s*(c),$*(c), T} (), T; (c)) denote the cutoff prices and travelling times in the (Q, S, 5) equilibrium associated with
the menu cost ¢ € (0,¢). Above we proved that S*(c) is strictly increasing in c. Since s*(c)= (¢ Q — rc/b) /(2 —w), s*(c) is
strictly decreasing and Q — s*(c) is strictly increasing in c. Since T} (¢) =log(Q/S*(c))/m and T (c) =log(S*(c)/s*(c)) /7,
T} (c) is strictly decreasing and T3 (c) is strictly increasing in c. Moreover, since T} (c)+T5(c) is strictly increasing,
T{(0)/(T}(c)+T5(c)) is strictly decreasing in c.

(ii) Using the fact that S =sexp(7 T2) and s = (a¢Q — rc/b) /(2—«a), we can write the equation ¢(S,7)=0 as

. 1—e R4 (r+7)Ty) T
@(T2,7) ={ CTn7Ts [(@Q—rc/b)e™ 2 —aQ)]
(BS)
_ o~ (r+m)T,
N [16”} Qe (@ _ £> _a2_,
r+mw r b r
After some algebraic transformations, becomes
baQM(T>,w)=rcN(Tp, 1), (B6)
where the function M (T, ) is defined as
M(Ty,7t)= —r—n(r+m)Ts+re~ "+
B7)
+@(r4+m) T —r)e T2 4 re™ 2|
and the function N(7», ) is defined as
N(Ty,m)=r" 2 4 (w(r4+7)Ty —r)e 2. (B8)

Let M7, (T2, 7) and N, (T2, 7) denote the partial derivatives of M(T>,7) and N(T2,7) with respect to 7>. Similarly, let
My (Ty, ) and Ny (T2, ) denote the partial derivatives of M(T,, ) and N(T,,m) with respect to 7.
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Now, let T3 () denote the solution to (B3) with respect to 7>. The derivative of T (;r) with respect to the inflation
rate 7 is given by

M(Ty, )N (T3, 1) =My (T}, m)N(T5 )

N(T5, )M, (Ty, 70) —Np, (T3, 0 )M(T5 , 7r)
T 2 T (B9)
T3 {2 () T5 = 4e™ T 4[24 ()T e 200
T { 1=(r+m)T5 + [(r+zr)2T£k2 72]67U+7{)T2* + [1 +(r+n)T;]e’2(r+”)T2* } .
It is easy to verify that the above expression is strictly negative.
Next, let S*(7) denote the solution to the equation ¢(S) =0 with respect to S, which is given by
S*(U)ZMEHT;(”). (B10)
—a

The derivative of $*(;) with respect to 77 has the same sign as the derivative of 7 75 () with respect to 7, which is given
by
Ty (m)+n Ty ()

Tz* {e*(rJrn)T; [2+(F+JT)2T;2] _672(r+n)T; _ 1} (B11)

1—=(r+m)T5+ [(i’—0—7r)2T2*2 —2] e~ tmTE 4 [1 +(r+n)T§]e_2("+”)Tf '
It is easy to verify that the above expression is strictly positive and, hence, $*(rr) is strictly increasing in . Moreover,
S§*(7r) has the following properties: (1) $*(7)=aQ/(2 —a) form — 0; (2) S*(7) > aQ/(2—a) forall w > 0; (3) S*(7) > QO
for y — oo. Since §*(7r) is a continuous and strictly increasing function of 7, the above properties imply that there exists
a 7 > 0 such that, for all 7 €(0,7), $*(7) € (@Q/(2—w),0) and, hence, a (Q,S,s) equilibrium exists. In contrast, for
7 >7,8*(w)>0 and a (Q, S, s) equilibrium does not exist.

Let (s*(m),S$*(m), T} (r), T; (7)) denote the cutoff prices and travelling times in the (Q, S, s) equilibrium associated
with the inflation rate 7 €(0,7). We have already established that $* () is strictly increasing and T; () is strictly
decreasing in 7. Since 5¥(7)=(@¢Q— rc/b)/(2—a), s*(r) is independent of 7 and so is Q—s*(r). Since T} (m)=
log(Q/S*(c))/m, it follows that T} () is strictly decreasing in 7r. Moreover, the ratio T} () /(T ()4 T5 () is strictly
decreasing in 7. Il

C. PROOF OF THEOREM 3

Suppose that V* € (¢,baQ/r] is a solution to the equation

1=~ T (14 (r+m)T(VF)) | 2b(1—)Q
a2 T(V*)
(&))

1 — e (r+mT(V*)
r+m

:|baQ+e’T(V*)(V* —0)=V*=0,

where

T(VH= llog(w).

b4 r(V¥—c)

Let S* be defined as Q. Let s* be defined as in equation Z3). Let F* be defined as in equation @2)) for s =s* and § =S*.
Moreover, let T* be defined as log(S*/s*)/m and let R(p) be defined as in @) for F =F*. In order to establish that the
tuple (F*,s*,8*, V*) constitutes an (S, s) equilibrium, we need to verify that it jointly satisfies the optimality conditions
@), @, @, and @ and the stationarity conditions (II) and {I3). In addition, we need to verify that s* € (0, Q) and that
F* is a CDF with support [s*,S*].

The tuple (F*,s*,S*, V*) satisfies the stationarity conditions ([T} and {I3) by construction. Moreover, notice that F*
is a CDF with support [s*,$*] because F*(s*)=0, F*(S*)=1 and F*(p) > 0 for all p € [s*,S*].

The optimality condition (@) is satisfied because R(s*)=b(2—a)s* and s*=r(V*—c)/b(2—a) imply R(s*)=
r(V*—c). Moreover, notice that s* € (0, Q) because V* > ¢ implies s* > 0 and V* <baQ/r implies s* < Q. The optimality
condition () is satisfied because equation implies

T
e "R(Qe ™ ydx+e”' T (VF =)=V =0,

0 (C2)
= V(0)-V*=0.
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FIGURE 5
Joint Dynamics of V() and k(t)

Now, we need to verify that the tuple (F*,s*,$*, V*) satisfies the optimality condition (@). That is, we need to verify
that the seller’s value V(¢) is non-greater than V* for all # € [0, 7*]. To this aim, notice that V(¢) satisfies the differential
equation

V() =R+ V'(0),

R(t)=R(Qe™™). 3
The function k(t) is given by
ie(z)ze*’”bQ{(2—a)—2(1—a)[1—$“. (C4)
The derivative of k(l) with respect to 7 is given by
ie’(z)zne*mbg[z(]—a)[1+i}—(2—a)}. (C5)
log(Q/s*)

The derivative R'(¢) has the same sign as the term in curly brackets in (C3). It is straightforward to verify that this
term is strictly increasing in 7. Hence, R(1) is either strictly decreasing in ¢ over the entire interval [0,7*], or it is
first strictly increasing and then strictly decreasing in ¢. Notice that R(t) cannot be increasing for all £ €[0, 7] because
R(0)=baQ>rV* and R(T*)=r(V*—c) <rV*.

Consider the phase diagram in Figure B which describes the differential equation (C3). The line passing through
the origin denotes the locus of points (R, V) such that V:IA?/ r and, hence, V' =0. Any point below the line is such that
\%4 <}A€/ r and, hence, V' <0. Any point above the line is such that V >1A?/ r and, hence, V' > 0. From (), it follows that
R(O) =baQ and V(0)=V* <baQ/r. Hence, the point (R(O), V(0)) lies either on or below the line and V’(0) <0. From (@),
it follows that R(T*)=r(V* —c) and V(T*)=V* — . Therefore, the point (R(T*), V(T*)) lies on the line and V/(T*)=0.

Now, we want to find out the trajectory that the pair (k(t), V(1)) follows as it travels from the initial point (baQ, V*)
to the endpoint (r(V* —c¢), V* —c). First, consider the case V* <baQ/r. In this case, the initial point (baQ, V*) lies in the
region where V(1) <0. For as long as k(t) increases, (k(t), V(1)) moves to the south-east of the initial point (baQ, V*).
When k(t) begins to decrease, (f?(t), V(1)) changes direction and moves towards the south-west and, eventually, it crosses
the line. Suppose that (R(t), V(1)) crosses the black line at a time T < T*. Then, after time T, (fi(t), V(1)) moves to the
north-west and, since R(r) is decreasing and V(¢) is increasing, (R(1), V(1)) does not reach the line again. This contradicts
the fact that (R(¢), V(1)) reaches the line at the point (r(V* —c), V* —c¢) at time T*. Therefore, (R(1), V(¢)) must first cross
the line at time T*. This implies that V(¢) is strictly decreasing. Hence, the optimality condition (@) is satisfied. Moreover,
R(t) > r(V* —c). Hence, the optimality condition @ is also satisfied.

Second, consider the case V*=baQ/r. In this case, it is easy to verify that (k(t), V(t)) must move first to the south-
east, then to the south-west and reach the line at time 7*. Also in this case, V'(r) <0 for all z € [0, T*]. This completes the
proof that the tuple (F*,s*,5*,V*) is an (S, s) equilibrium. The proof that there is no (S, s) equilibrium if equation (CT)
does not admit a solution for V* € (c,baQ/r] is straightforward and it is omitted for the sake of brevity. Il
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FIGURE 6

Existence of an (S, s) equilibrium

D. PROOF OF THEOREM 4

Theorem 3 states that an (S,s) equilibrium exists if and only if there exists a V* such that: (a) V* is a solution to @4); (b)
V* is greater than ¢ and smaller than baQ/r. It is convenient to rewrite these two conditions in terms of x = V* — ¢ rather
than V*. Condition (a) is then equivalent to x being a solution to

[ 1—e~0+0T® (1 4 (r 4 7)T(x)) } 26(1—a)Q

(r+m)? T(x)
(D1)
1 _e—(r+7T)T(x)
+| ——— |baQ+e Ty —x=c,
r+m
where
1 b(2—
T(x)= 710g<ﬂ>.
b4 rx
Condition (b) is equivalent to x >0 and
ba—Q —x>c. (D2)
P

Let ¥ (x) denote the left-hand side of (D2). Clearly, the function ¥ (x) is such that ¥ (0)=baQ/r, ¥ (baQ/r)=0
and ¥/(x)=—1. Let w(x) denote the left-hand side of (DI). It is easy to verify that the function w(x) is such that
@(0)=baQ/(r+m), @ (x)>—1 and w(x) > 0 for all x € [0, baQ/r]. Figure@illustrates the properties of ¥ (x) and w(x).
These properties guarantee that there exists a unique x* in the interval (0,baQ/r) such that ¥ (x*) = w(x*), ¥ (x) > w(x)
for all x € [0,x*), and ¥ (x) <w(x) for all x € (x*,baQ/r]. Let ¢;, denote the maximum of w(x) over the interval [0,x*].
Notice that, since w(x) < (x) for all x€[0,x*) and ¥ (x) <baQ/r, ¢y is strictly smaller than baQ/r. Similarly, let ¢,
denote the minimum of w(x) over the interval [0,x*]. Notice that, since w(x)> 0 for all x € [0,x*], ¢, is strictly greater
than zero. Figure @illustrates the definition of x*, ¢, and cy,.

Given the menu cost ¢, an (S,s) equilibrium is an x such that w(x)=c and ¥ (x) <c. If ¢ <c¢, an (S, s) equilibrium
cannot exist because, as one can see from Figure[@ there is no x such that w(x)=c and v (x) <c. Similarly, if ¢ > ¢y, an
(S,s) equilibrium cannot exist because, as one can see from Figure[d there is no x such that w(x)=c and ¥(x) <c. In
contrast, if ¢ €[c¢, cp], there exists at least one (S,s) equilibrium. There may exist multiple (S,s) equilibria because the
function w(x) may not be monotonic. This case is illustrated in Figure @b. Intuitively, multiplicity may arise because of
a feed-back effect between the cross-sectional price distribution F and the maximum present value of seller’s profits V*.
When V* is higher, the point s at which a seller finds it optimal to reset its nominal price is higher. In turn, this implies
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that the cross-sectional price distribution F is higher (in the sense of first-order stochastic dominance). Conversely, when
the cross-sectional price distribution F is higher, the competition faced by a seller with a given price is lower. In turn, this
implies that the maximum present value of the seller’s profits V* is higher. For some parameter values, this feed-back
effect between V* and F can be so strong as to generate multiple equilibria.

Finally, note that the interval [c¢, c,] of menu costs for which an (S,s) equilibrium exists always includes the upper
bound of the interval [0,¢] of menu costs for which a (Q,S,s) equilibrium exists. In fact, if and only if ¢ =w(x*), there
exists an (S,s) equilibrium in which the maximum present value of the seller’s profits is baQ/r. And if and only if ¢ — ¢,
the (Q,S,s) equilibrium converges to an (S,s) equilibrium in which the maximum present value of the seller’s profits is
baQ/r. Therefore, ¢ = w(x*) and w(x*) € [c¢, cp]- Il

E. DIVISIBLE GOOD
E.1. (Q,S,s) Equilibrium

We start by solving for the equilibrium objects when sellers follow a (Q,S,s) pricing rule. For #=0, the equilibrium
condition @ implies R(Q)=rV*. Since R(Q)=baQ?, we can solve R(Q)=rV* with respect to V* and find
V*=baQ’ /1. (E1)
For ¢t €[0, T}], the equilibrium condition @ implies R(p)=rV* for all p€[S, Q] Since R(p) is equal to blar+2(1 —
a)(1—F (p))]p9 and V* is equal to (EI), we can solve R(p)=rV* with respect to the price distribution . We find that

0 _ 60
0w P vpers.ol (E2)
The stationarity condition (I} is an equation for the derivative of the price distribution F over the interval (s, S).
Integrating {IT) and using the boundary conditions F(s)=0 and F(S—)=F(S+), we find that
0 _ o
F(p):|:1— a Q0'-5 i|10gp—10gs
2(1—a) S? logS—logs
The stationarity condition (IZ) is an equation for the derivative of the price distribution F over the interval (S, Q).
Using the fact that the price distribution F is given by ([3), we can solve for (I2) with respect to the distribution of new
prices G and find

F(p)=1—

Vpels.S]. (E3)

B o 0'—5"\"" alog(s/5)Q’
r=1-(1- 355 ) el wes.0 (4)

The distribution G must have a mass point of measure x (S)=G(S) at S and a mass point of measure x (Q)=1—-G(Q—),
where x(S) and x(Q) are given by

o  0°—s"\"" alog(s/5)0Q°
H=1-1- . E5
#) < 2(1—a) 9 ) 2(1—a)s? (ES)
a  0°—5\""alog(S/s)
={1- : E6
x(Q < 2(1—a) S ) 2(1—a) o)
The optimality condition @) implies R(s)=r(V* —c). Since R(s) =b(2—a)s’ and V* is given by (EI), we can solve
R(s)=r(V*—c) with respect to s and find
0 _ erp\
5= (M) , E7)
2—a

The optimality condition (8) states that a seller with a real price of S must attain the maximized present value of
profits V*. After substituting out F, G and V* and solving the integral, we can rewrite () as one equation in the one
unknown V*. That is,

S)= 1—e= DS (14 (r+70)TH(S)) | 2—a)S? —aQ?
o= 70y 75(S)

(E8)

1 — e—(r+TOT2(S) 1 —e—rT2(5)
| ————— |2 | ———— [aQ? —e 2 /b=0,
r+m6 r

where

T2(S)=

log(S/s) aQ? —re/b\"°
x0T ( 2—a ) ’
A (Q,S,s) equilibrium exists only if the equation ¢(S) admits a solution for some S in the interval (s, Q). It is easy to
verify that ¢(S) is strictly increasing and takes on strictly negative values strictly negative for all S & [s, (@ Q? /(2 —a))1/?].
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Therefore, a (Q,S,s) equilibrium exists only if the equation ¢(Q) > 0. Following the same proof as in Appendix A, we
can show that ¢(Q) >0 is also a sufficient condition for the existence of a (Q,S,s) equilibrium and we can characterize
the properties of V(¢) and R(p). Following the same proof as in Appendix B, we can show that ¢(Q) > 0 if and only if the
menu cost is smaller than some ¢ > 0.

Our findings are summarized in the following theorem.

Theorem E1. (1) A (Q,S,s) equilibrium exists iff (Q) > 0. If a (Q, S, s) equilibrium exists, it is unique and: (a) V'(t)=0
forallte(0,Ty)and V'(t) <Oforallt € (Ty, Ty +T»); (2) R'(t)=0forallt € (0,Ty), R (t)> O forallt € (Ty, T) and R (1) < 0
forall te(T,T)+T,), where R(l)zR(p(t)) and T e (Ty,T1+T>). (ii) The condition ¢(Q)> 0 is satisfied if and only if
ce(0,¢), with ¢> 0.

E.2. (S,s) Equilibrium

We now turn to the (S,s) equilibrium. The stationarity condition {[I) is an equation for the derivative of the price
distribution F over the interval (s,S). Using the fact that S=Q and the boundary conditions F(s)=0 and F(Q)=1, we
can integrate (I} and find that

logp—logs
F(p)=—7>——,Ype(s,0). (E9)

logQ —logs
The optimality condition @) implies R(s)=r(V* —c). Since R(s)=b(2—a)s?, we can solve the optimality condition

with respect to s and find
VE— 1/6

s=(FVZON T (E10)

bQ2—a)

The optimality condition ) implies that a seller with a real price of S must attain the maximized present value of
profits V*. Using the fact that S is equal to Q, that F is given by @2) and that s is given by @3), we can rewrite @) as
one equation in the unknown V*. Specifically, we can rewrite it as

_ ,—(r+mo)T _ 0
S(V*)= [1 e (1+(r+7r9)T):|2b(1 a)Q

(r+m6)? T
(E11)
|: 1 ——(r+m)T

b 0 —rT *_)—V*=0
s :|o¢Q +e " (V¥—c)—-V s

where
1
=—lo and s={ ——
2(Q/s) and s ( =)

An (S,s) equilibrium exists only if the equation ¢(S) admits a solution for some V* in the interval (c, abQ? /rl. Ttis
immediate to verify that the condition is necessary. Following the same proof as in Appendix C, we can show that the
condition is also sufficient. Following the same proof as in Appendix D, we can show that the condition is satisfied if and
only if the menu cost is greater than ¢, and smaller than cj,, with ¢, >0 and ¢, <abQ9/r.

Our findings are summarized in the following theorem.

g

r(v*—c)>‘/9

Theorem E2. (1) An (S,s) equilibrium exists iff & (V*)=0 for some V* € (c, han/r]. (2) An (S,s) equilibrium exists iff
celce,cpl, withO<cp<cp<baQ/rand cg <c<cj.
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